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A B S T R A C T
The electronic density ρ(r) in atoms, molecules and solids is, in general, a distribu-
tion that can be observed experimentally, containing spatial information projected
from the total wave function. These density distributions can be though as proba-
bility distributions subject to the scrutiny of the analytical methods of information
theory, namely, entropy measures, quantifiers for the complexity, or entanglement
measures. Resonant states in atoms have special properties in their wave functions,
since although they pertain to the scattering continuum spectrum, they show a
strong localization of the density in regions close to the nuclei. Although the clas-
sification of resonant doubly excited states of He-like atoms in terms of labels of
approximate quantum numbers have not been exempt from controversies, a well
known proposal follows after the works by [Herrick and Sinanog˘lu, 1975; Lin,
1983], with a labeling based on K, T, and A numbers in the form n1(K, T)
A
n2 for the
Rydberg series of increasing n2 and for a given ionization threshold He+ (N = n1).
In this work we intend to justify this kind of classification from the topological
analysis of the one-particle ρ(r) and two-particle ρ(r1, r2) density distributions of
the localized part of the resonances (computed with a Feshbach projection formal-
ism and configuration interaction wave functions in terms of B-splines bases), us-
ing global quantifiers (Shannon) as well as local ones (Fisher information) [López-
Rosa et al., 2005, 2009; López-Rosa, 2010]. For instance, the Shannon entropy is ob-
tained after global integration of the density and the Fisher information contains
local information on the gradient of the distribution. In addition, we also studied
measures for the entanglement using the von Neumann and linear entropies [Man-
zano et al., 2010; Dehesa et al., 2012a,b], computed from the reduced one-particle
density matrix within our correlated configuration interaction approach.
We find in this study that global measures like the Shannon entropy hardly
distinguishes among resonances in the whole Rydberg series. On the contrary,
measures like the Fisher information, von Neumann and linear entropies are able
to qualitatively discriminate the resonances, grouping them according to their
(K, T)A labels.
v

We want to stand upon our own feet and look fair and square at the world – its good facts,
its bad facts, its beauties, and its ugliness; see the world as it is and be not afraid of it.
Conquer the world by intelligence and not merely by being slavishly subdued by the
terror that comes from it. The whole conception of God is a conception derived from the
ancient Oriental despotisms. It is a conception quite unworthy of free men. When you
hear people in church debasing themselves and saying that they are miserable sinners,
and all the rest of it, it seems contemptible and not worthy of self-respecting human
beings. We ought to stand up and look the world frankly in the face. We ought to make
the best we can of the world, and if it is not so good as we wish, after all it will still be
better than what these others have made of it in all these ages. A good world needs
knowledge, kindliness, and courage; it does not need a regretful hankering after the past
or a fettering of the free intelligence by the words uttered long ago by ignorant men. It
needs a fearless outlook and a free intelligence. It needs hope for the future, not looking
back all the time toward a past that is dead, which we trust will be far surpassed by the
future that our intelligence can create. — Bertrand Russel [Russel, 1957]
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1
I N T R O D U C T I O N
1.1 preliminaries
The central physical phenomenon which lies behind all this work is called autoionization.
The very first sighting of this phenomenon dates back to 1935 by Beutler in the
context of the photoabsorption of rare gases atoms, and later again by [Mad-
den and Codling, 1963] in the photoabsorption of atomic helium. The modern
understanding of autoionization considers a sort of discrete states which are em-
bedded in the continuum, these states are called resonances and they are genuine
eigenstates of the interelectronic repulsion 1/r12. Even though each resonance may
be characterized and described by three parameters: the energy position Er, the
shape parameter q and the resonance width, a completely satisfactory classifica-
tion scheme of resonances is still unavailable. The subject of classification of Doubly
Excited States (DES) or resonances has been characterized by controversy and gen-
eral disagreement. This work pretends to study the so called (K, T) classification
scheme of DES [Herrick and Sinanog˘lu, 1975; Lin, 1983] by analysing the topologi-
cal features of the electronic density by means of measures of information theory,
see figure 1.1.
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Figure 1.1: The alternative and approximate (K, T) “quantum numbers” that was pro-
posed, by [Herrick and Sinanog˘lu, 1975; Lin, 1983], as an attempt to classify
the DES in helium atom.
1.1.1 Resonances in elementary quantum mechanics: Resonance scattering from a double
δ-function potential
In order to obtain a deep understanding on the concept of resonant state we may
introduce a straightforward example commonly encountered in almost all intro-
3
4 introduction
ductory course of quantum mechanics. Under certain conditions the scattering of
a particle by a one-dimensional square potential barrier exhibits resonant behavior.
It is also well known that the transmission coefficient a one-dimensional double
δ-function potential also exhibits resonances at a series of energy values [Lapidus,
1982]. The problem involves the Time Independent Schrödinger Equation (TISE)
− h¯
2
2m
∂2ψ(x)
∂x2
+V(x)ψ(x) = Eψ(x), (1.1)
where V(x) = V0(δ(x + a) + δ(x− a)) with V0 an appropriate constant and 2a the
separation between the barriers. The solution of the TISE with this potential can be
written as
ψ− = eikx + re−ikx x < −a (1.2a)
ψ0 = Aeikx + Be−ikx |x| ≤ a (1.2b)
ψ+ = teikx x > a (1.2c)
where the constants A, B, r, and t are determined by the boundary conditions
ψ0(a) = ψ+(a), (1.3a)
ψ−(−a) = ψ0(−a), (1.3b)
and
ψ′+(a)− ψ′0(a) =(−
2
a0
)ψ+(a), (1.4a)
ψ′0(−a)− ψ′−(−a) =(−
2
a0
)ψ−(−a), (1.4b)
where a0 = h¯2/mV0. By using the equations (1.3) and (1.4) we can eliminate the
constants A and B and then solve for the amplitudes for transmission and reflec-
tion r and t. The transmission and reflection coefficients are T = |t|2 and R = |r|2,
where R + T = 1. Finally, the transmission amplitude can be written as
t =
a20k
2
a20k2 − 2ia0k + e4iak − 1
. (1.5)
The figure 1.2 plots the transmission coefficient T as a function of the energy
E = h¯2k2/2m. This illustrative and short discussion provides an intuitive picture
of what is the meaning of a resonance state in quantum mechanical contexts.
1.2 outlook
This work is built up with three parts, five chapters and three appendices. The
first part, composed by one chapter, is dedicated to the stationary calculation of
the electronic structure, i.e., the calculation of energies and the two-electron Con-
figuration Interaction (CI)-Wave Function (WF) of two-electron atoms using the TISE.
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Figure 1.2: An elementary example of resonances in the scattering form a double δ-
function potential. The transmission coefficient T exhibits resonant behavior
for some values of energy.
In chapter 2 we describe the two-electron atoms and the methods that we have
implemented to calculate their electronic structure, based on the construction of
the two-electron CI-WF with the help of one-particle WF which are obtained in the
appendix B; and particulary, we review the application of Feshbach Method (FM) to
obtain de DES states of helium atom.
The second part, which is composed of two chapters is dedicated to the topo-
logical description of the electronic density by means of measures of information
theory. In chapter 3 we calculate the two-dimensional electronic density for two-
electron atoms and by integration over one radial dimension we obtain the one-
particle density. Additionally we introduce the Shannon entropy and the Fisher
information as two measures of information theory in order to explore their topo-
logical implications over the densities of DES. The chapter 4 is dedicated to the
study of quantum entanglement in two-electron systems. There we will introduce
its definition and the quantities which measure the amount of entanglement in he-
lium. Finally we discuss the possible implications of the amount of entanglement
in DES and their classification.
The third part, in chapter 5 summarizes our conclusions and perspectives for
future work.
Finally, the appendices contain a detailed description of the numerical basis
implemented in this work: B-splines, as well as some details of the analytical and
numerical calculation of electronic structure of one-electron atoms, focussing only
at bound states. Some supplementary figures are shown in appendix C.

Part I
T W O - E L E C T R O N S Y S T E M S : S TAT I O N A RY A P P R O A C H

2
D O U B LY E X C I T E D S TAT E S O F H E L I U M
The description of the electronic eigenspectrum of a two-electron atom involves,
in addition to the bound and continuum states, another kind of quasibound eigen-
states of the Hamiltonian. Similar to the infinite series of single excited states
located below the first ionization threshold, Rydberg series of discrete DES appear
below the upper continuum thresholds associated to excited target configurations
(for instance, He+ (n = 2, 3, 4, . . . )+ e− in the case of DES in helium (see figure 2.1),
i.e., these states are genuinely immersed in the continuum but share properties
similar to the bound states (discrete energies and spatial quasi-localization). Since
these quasibound states are coupled to the underlying continuum, they are indeed
metastable states characterized with a finite lifetime [Friedrich, 2005]. In principle,
there is no external perturbation responsible for the decay of these metastable
states into the degenerated continua (for instance, in helium, the decay from a DES
produces a final ionizing state, i.e., He∗∗ → He++ e−, a process which is called au-
toionization), but it is intrinsic to the two-electron Hamiltonian, in particular the
electron correlation term 1/r12. Thus the good account of the properties of doubly
excited states in two-electron atoms, also called resonances or autoionizing states,
thoroughly depend on the proper description of the electron correlation. Conse-
quently, these states and their properties cannot be described using simple models,
like the independent particle model. The actual existence of DES was put forward
experimentally by [Madden and Codling, 1963] and the first comprehensive theory
of resonance phenomena was proposed by [Fano, 1961, 1983]. From then, a vast
amount of effort has been expended in the understanding of the atomic resonance
phenomena and, in particular, the characterization of the resonance states (energy
positions, lifetimes, time-dependent decay and its contribution to photoionization
cross section, electron distributions, classification using quantum labels, etc.)
Determining resonance energies and widths (or lifetimes) in atoms has been the
subject of intense study and research for decades. Nevertheless, the classification
of resonances within the same Rydberg series in terms of labels corresponding to
approximate quantum numbers has been a matter of great controversy [Cooper
et al., 1963; Nikitin, 1976; Lin, 1983, 1984; Lin and Macek, 1984]. Indeed, at vari-
ance with the bound state, mostly labeled (1s, 1s) and singly excited states, easily
labelled (1s, nl), any attempt to describe the nature of DES using simple configu-
rations (n1l1, n2l2) where n1, n2 > 1 and li = 1, . . . , ni − 1, has been ill-fated due
to the general strong mixing of two-electron configurations in the description of
each DES.
Nowadays, the most successful proposal for the taxonomy of the different types
of resonances is adopted from the work of [Lin, 1983, 1984], after the pioneer-
ing work of [Herrick and Sinanog˘lu, 1975]. These approaches define a new set
of approximate quantum numbers known as (K,T) numbers. As a result, these
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quasi-quantum numbers can describe, to a rather good approximation, the char-
acteristics of the series of doubly excited states. In the following sections we shall
discuss the CI method to calculate the stationary eigenspectrum of helium-like
ions. Additionally, we shall introduce the FM which is one of the the most sophis-
ticated theoretical tools to adequately deal with autoionizing states or resonances.
Finally, we shall conclude with a review of the Herrick-Sinanog˘lu-Lin (HSL) classifi-
cation scheme. For the sake of clarity, figure 2.1 shows a semi-quantitative energy
spectrum of the He atom, indicating specifically the location of resonance states
as Rydberg series below any ionization threshold.
2.1 stationary quantum-mechanical description of helium-like
atoms or ions
Helium-like atoms cannot be solved analytically. The Hamiltonian of the system
involves an inter-electronic interaction term which depends only upon the spatial
separation between the electrons and it does not allow us to obtain a solution in
terms of any known analytical function. Naturally, since the foundation of wave
mechanics, a lot of diverse approaches have been intended to approximate the
WF for the ground state, singly excited states, and resonances. So, we can list,
among the most emblematic methods, the following ones: Hartree-Fock and Mul-
ticonfigurational Hartree-Fock methods [Froese Fischer, 1973, 1977, 1978], and the
general CI methods [Shavitt, 1977; Friedrich, 2005] which is our method to obtain
the eigenspectrum of helium.
2.1.1 Hamiltonian of helium-like atoms
Two-electron atoms consisting of a nucleus of mass M and charge Ze and two
electrons, with mass m and charge e, can be described in terms of the Coulomb
interactions between the three charged particles. As in the case of one-electron
atoms (see section (B.1)), we can separate the motion of the centre of mass. Actu-
ally, for helium-like ions, this is a slightly more complicated procedure, that can
be followed in [Bransden and Joachain, 2003]. Therefore, denoting by r1 and r2 the
relative coordinates of the two electrons with respect to the nucleus we can write
the following two-particle Hamiltonian
H = − h¯
2
2µ
∇2r1 −
h¯2
2µ
∇2r2 −
h¯2
M
∇2r1 · ∇2r2 −
Ze2
(4pie0)r1
− Ze
2
(4pie0)r2
(2.1)
+
e2
(4pie0)r12
,
where µ = mM/(m + M)) is the reduced mass of an electron with respect to the
nucleus and r12 = |r1 − r2|.
We shall consider in our calculation an infinitely heavy nucleus since in this
work we are not in the pursuit of high precision calculations, that must include
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all corrections due to the finite mass. As a result, µ = m and the mass polari-
sation term (h¯2/M)∇2r1 · ∇2r2 can be neglected. Consequently, we can rewrite the
expression (2.1), in Atomic Units (a.u.), as
H = h(1) + h(2) +
1
r12
, (2.2)
where h(i) = −∇2i2 − Zri . The Schrödinger equation reads[
h(1) + h(2) +
1
r12
]
ψ(r1, r2) = Eψ(r1, r2), (2.3)
and it cannot be separated due to the presence of the 1/r12 term. For this reason,
we cannot write the total two-particle WF as a direct product of one-particle WFs,
i.e., the system is not separable or, in a more common and modern speaking
terminology, it is entangled.
2.1.2 Two-fermion antisymmetric wave function
Pauli exclusion principle asserts that in a system of identical fermions no more
than one particle can have exactly the same single particle quantum numbers, this
statement requires that the WF of a two-electron system must be antisymmetric as
a whole, i.e, the WF must change its sign by a single permutation of the global
electron coordinates (spatial plus spin), that is
|ψ(2, 1)〉 = − |ψ(1, 2)〉 . (2.4)
This is the so called Symmetrization Postulate which states that: (a) particles
whose spin is an integer multiple of h¯ have only symmetric states (these particles
are called bosons); (b) particles whose spin is a half odd-integer multiple of h¯ have
only antisymmetric states (these particles are called f ermions); (c) partially sym-
metric states do no exist [Messiah, 1966; Ballentine, 1998]. Besides, this postulate
is another form of the principle of indistinguishability of identical particles. Fol-
lowing to [Messiah and Greenberg, 1964] the principle states: "Dynamical states
that differ only by a permutation of identical particles cannot be distinguished by
any observation whatsoever".
Formally, in an independent particle model, i.e., neglecting the term 1/r12 in
the Hamiltonian (2.2), we can build up the two-electron WF from the one-particle
orbitals by means of the antisymmetrizing operator Aˆ which may be defined as
|ψ(1, 2)〉 = Aˆ[|φ(1)〉 |φ(2)〉]. (2.5)
For the case of two fermions, in which the Pauli exclusion principle has a central
role, the total WF can be factorized into the spatial part (symmetric or antisymmet-
ric) and the spin part (singlet or triplet), respectively.
|ψ(1, 2)〉 = |φ(1, 2)〉symmetric,antisymmetric ⊗ |χ(1, 2)〉singlet,triplet (2.6)
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Hydrogen-like functions or one-particle functions, which are introduced in Ap-
pendix (B.1), may be written using the so called Dirac notation, namely
|ψn,l,ml ,s,ms〉 = |φnlml 〉 ⊗ |χsms〉 ,
= |n, l, ml , s, ms〉 (2.7)
where, {n, l, ml , s, ms} represent good quantum numbers corresponding to the
commuting operators (Hˆ, Lˆ2, Lˆz, Sˆ2, Sˆz) which completely describe the one-particle
state. Since we deal with electrons, the spin quantum number has a definite con-
stant half-integer (fermion) number s = 1/2, which is assumed hereafter in the
formulas. Now, |χsms〉 is the spin vector and |φnlml 〉 is the orbital eigenstate which
may be projected onto the space representation to obtain the corresponding WF as
〈r|φn,l,ml 〉 = φn,l,ml (r, θ, φ) =
Un,l(r)
r
Y lml (θ, φ), (2.8)
where Y lml (θ, φ) is a spherical harmonic corresponding to the orbital angular mo-
mentum quantum number l and to the magnetic quantum number ml . The func-
tions Un,l(r) = rRn,l(r) satisfy the reduced radial equation (B.11) quoted in Ap-
pendix B. So, the separation of equation (B.9) enables us to write the state vector
as the full state vector in a partially mixed Dirac notation as
〈r|n, l, ml , ms〉 = 〈r|φn,l,ml ,χms〉 =
Un,l(r)
r
|l, ml , ms〉 . (2.9)
Even though we make an abuse in the standard Dirac notation in equation (2.9),
it can be useful in the following. In addition, it is important to say that any inner
product involves an integration over the radial coordinate r, for 0 ≤ r < ∞. Note
that we drop the label s from the spin ket |χ〉 since s = 1/2 always for the electrons.
The spin projection ms can take the values + 12 and − 12 which corresponds to the
two state vectors |χ 1
2
〉 ≡ |α〉 and |χ− 12 〉 ≡ |β〉.
As stated above, the whole WF of a two-electron atom must be antisymmetric
against the permutation 1↔ 2. Then, using the expression (2.6), we may build up
the following two antisymmetrized WF by means of the eigenstates of the global
spin operators Sˆ2 and Sˆz with Sˆ = sˆ1 + sˆ2 and Sˆz = (sˆ1)z + (sˆ2)z (spin singlet
function S = 0 with MS = 0 and spin triplet function S = 1 with MS = 1, 0,−1 ).
|ψ(1, 2)〉para = |Φ(1, 2)〉symmetric ⊗
1√
2
[|αβ〉 − |βα〉], (2.10)
|ψ(1, 2)〉orto = |Φ(1, 2)〉antisymmetric ⊗

|αα〉 ,
1√
2
[|αβ〉+ |βα〉],
|ββ〉 .
(2.11)
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In the expression (2.10) we use a spatially symmetric vector state (commonly called
para) together with the singlet spin state vector, but in the equation (2.11) we use
an antisymmetric vector state (commonly called orto) together with the spin triplet
symmetric state.
Actually, in this work we only consider two-electron atoms with LS coupling;
this very special angular momentum coupling is adequate to describe atoms with
small nuclear charge Ze. Particularly, the goal is to get an antisymmetric WF with
total angular momentum L with projection ML and total spin S with projection
MS. In order to accomplish our goal, we shall follow the graphical method de-
scribed by [Lindgren and Morrison, 1986], although the same result may be readily
obtained algebraically using Clebsch-Gordan angular momentum coupling coef-
ficients, e.g., [Edmonds, 1957]. First we couple the angular momenta of the two
separated electrons, to build up the states of total orbital and spin angular mo-
mentum, as follows
|(lalb)LML〉 = ∑
mal m
b
l
|lamal , lbmbl 〉 〈lamal , lbmbl |LML〉 , (2.12)
|SMS〉 = ∑
mas mbs
|mas , mbs〉 〈samas , sbmbs |SMS〉 , (2.13)
where 〈lamal , lbmbl |LML〉 and 〈samas , sbmbs |SMS〉 are the vector-coupling coefficients
or Clebsch-Gordan Coefficients (CGC) [Ballentine, 1998; Lindgren and Morrison, 1986].
Indeed, we may use, instead of CGC, a more symmetrical quantity called the
Wigner 3-j-symbol which is defined as follows
(
j1 j2 j3
m1 m2 m3
)
= (−1)j1−j2−m3(2j3 + 1)− 12 〈j1m1, j2m2|j3 −m3〉 . (2.14)
It is easy to show that the 3j-symbol vanishes, unless m1 + m2 + m3 = 0. In addi-
tion, a non-vanishing 3j-symbol must satisfy the triangular condition |j1 − j2| ≤
j3 ≤ j1 + j2.
Finally, using equations (2.12), (2.13), together with (2.7), and (2.5), we can write
the antisymmetric state of the two-electron atom in LS coupling as
|{nala nblb}LMLSMS〉 = (2.15)
F [|(nala)1(nblb)2LMLSMS〉 − |(nala)2(nblb)1LMLSMS〉]
where F is a normalization factor to be calculated. The subscripts 1 and 2 refer to
the individual electrons. The curly brackets denote the antisymmetric combination,
i.e., it implies the antisymmetric action of the projection operator
Aˆ = 1
Nt!
∑
P
(−1)PP, (2.16)
where Nt is the total number of particles and P denotes one of the Nt! permuta-
tions of the Nt indexes for the particles. By means of the properties of symmetry
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of the CGC or the 3j-symbols, we may permute any two columns; an even permu-
tation leaves the 3j-symbol value invariant, but an odd permutation introduces
the additional phase (−1)j1+j2+j3 . For this reason, we get two phase factors in our
case: (−1)la+lb+L for the orbital part and (−1)S+1 for the spin part. Consequently,
equation (2.15) can be recast in the form:
|{nala nblb}LMLSMS〉 = (2.17)
F
[
|(nala)1(nblb)2LMLSMS〉+ (−1)la+lb+L+S |(nblb)1(nala)2LMLSMS〉
]
.
If, na = nb and la = lb, i.e., the electrons are said to be equivalent, the normaliza-
tion factor F is equal to 1/2 and the normalized antisymmetric function becomes
|{(nl)2}LMLSMS〉 = |(nl)1(nl)2LMLSMS〉 for S + L even. On the other hand, if,
na 6= nb or la 6= lb, i.e., the electrons are said to be non-equivalent, and the normal-
ization factor F is equal to 1/
√
2.
2.1.3 Configuration interaction (CI) method
Our chosen method to get successful and accurate solutions, both for eigenstates
and eigenenergies, to the TISE, equation (2.3), is the so called configuration inter-
action CI method [Shavitt, 1977; Szabo and Ostlund, 1989]. As mentioned above,
approximate solutions to the N-electron problem may be achieved using different
methods, for instance, the Hartree-Fock (HF) method. The HF method retains the
simplicity of solving the total WF in terms of a single Slater determinant in which
each orbital is optimized by solving the one-particle Fock operator, which aver-
ages the interaction with the other electrons. Nevertheless, the HF method is not
able to describe the full electron correlation [Szabo and Ostlund, 1989; Friedrich,
2005]. The CI is in essence a variational many-electron method which built up the
WF as a huge linear combination of antisymmetrized configurations constructed
with HF or hydrogenic orbitals (appropriately coupled to yield the correct total
angular momenta L and S).
A general calculation using the CI scheme can be understood as an optimiza-
tion of the trial CI-WF constructed with a large combination of N different con-
figurations, i.e., it is a linear combination or superposition of a large number of
antisymmetrized two-electron functions based on products of spin-orbitals, then
configurations in the form of (2.17) are built up [Sherrill and Schaefer III, 1999;
Cramer, 2004; Friedrich, 2005]. Therefore, the general CI-WF can be written as
|ΨCI〉 =
N
∑
i=1
Ci |ψi〉 , (2.18)
where Ci are the variational expansion coefficients, for the ith configuration, sub-
ject to optimization. As previously mentioned, each member of the expansion is
defined by
|ψi〉 = |{nialia niblib}LMLSMS〉 . (2.19)
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Afterwards, the variational method asserts that the eigenvalues and eigenfunc-
tions of the Hamiltonian (2.2) can be approximated by seeking the conditions
under which the following functional E[ΨCI ] will be stationary, this is
δE[ΨCI ] = 0, (2.20)
with
E[ΨCI ] =
〈ΨCI |H|ΨCI〉
〈ΨCI |ΨCI〉 , (2.21)
=
∑Nij CiC
∗
j 〈ψi|H|ψj〉
∑Ni CiC∗i
.
The CI method is conceptually the most straightforward method to solve the
TISE. It is said that CI constitutes an "exact theory" in the limit of an infinite basis
of configurations. In practice, however, the matrix equations are not exact because
the expansion in equation (2.18) must be truncated to a finite number N of terms.
Therefore, if we include a large enough number of configurations, the diagonal-
ization of the Hamiltonian in the truncated subspace can give a very good approx-
imation to the exact eigenenergies and eigenstates since the electron correlation
due to the Coulomb term 1/rij is better described using this kind of many particle
methods. However, our CI-WF does not contain terms including the inter-electronic
coordinate, r12, i.e., the trial WF, we say, is not explicitly correlated. Instead, the
proper description of the correlation term 1/r12 is achieved by the angular mixing
of configurations in the CI-WF. Other CI schemes might include a trial WF which
are explicitly correlated, i.e.,containing functions of the coordinate r12. These ex-
plicitly correlated schemes have in general faster radial and angular convergence
with the number of configurations. However, its computational implementation is
much more involved, and lacks the simplicity of configurations based on direct
products of orbitals. The classical (explicitly uncorrelated) CI method has been
implemented in a vast range of applications or calculations both in atomic and
molecular physics. For instance, in the H− ion by [Chang and Wang, 1991], in He
atom by [Bachau, 1984; Granados-Castro, 2012; van der Hart and Hansen, 1992a],
in Li and Li-like atoms by [Cardona et al., 2010], in Be atom by [Chang, 1989], in
N3+ and N5+ by [van der Hart and Hansen, 1992a,b], in Mg atom by [Tang et al.,
1990], in Mg− and Ca− by [Sanz-Vicario et al., 2008], to mention only a few.
To summarize the whole procedure, we first solve the one-electron problem in
the parent ion in order to obtain the basis set of orbitals for different angular
momenta l = 0(s), 1(p), 2(d), 3( f ), . . . ; the orbitals themselves can be expanded
in terms of a basis set. In our case, the latter basis consist of B-splines (see Ap-
pendix B). Secondly, we construct the two-electron variational CI-WF with antisym-
metrized configurations out of the set of orbitals, accordingly to the LS coupling.
Once the matrix elements of the total two-electron Hamiltonian are calculated,
we solve the generalized eigenvalue problem to obtain the eigenvalues and the
corresponding eigenvectors.
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2.1.4 Hamiltonian matrix elements
As suggested above, the variational theorem requires the optimization of the aver-
age value of the Hamiltonian operator 〈ΨCI |H|ΨCI〉 with respect to the expansion
coefficients Ci in equation (2.18). This variational optimization is equivalent to
solve the matrix eigenvalue problem in an algebraic subspace spanned by the ba-
sis of configurations, see [Levine, 2008]. In order to solve this eigenvalue problem,
the Hamiltonian matrix elements Hij = 〈ψi|H|ψj〉 with i, j = 1, . . . , N must be
calculated. Using the equations (2.2) and (2.19) they read
Hij = 〈ψi|H|ψj〉 , (2.22)
= 〈{nala nblb}iLMLSMS|
(
h(1) + h(2) +
1
r12
)
|{nclc ndld}jLMLSMS〉 ,
= Eiδij + Eiδij +
(
1
r12
)
ij
.
where i ≡ {nala, nblb}, j ≡ {nclc, ndld}, and (1/r12)ij is the matrix element of the
inter-electronic Coulomb operator. The Kronecker deltas in equation (2.22) suggest
that we are dealing with orthogonal orbitals. The Hamiltonian matrix H is a dense
matrix, i.e., it is not a sparse matrix, which we must diagonalize; many optimised
algorithms are available to do this task. We accomplish the diagonalization proce-
dure with the help of the routine DSYEV included in the LAPACK library [Anderson
et al., 1999].
2.1.4.1 Matrix elements for the interelectronic Coulomb repulsion.
Since the trial CI-WF is built up as antisymmetric products of spin orbitals, once
we have the one-particle energies, we only need to calculate the matrix elements
for the electron-electron Coulomb interaction, that read
(
1
r12
)
ij
= 〈ψi|
(
1
r12
)
|ψj〉 , (2.23)
= 〈{nialia niblib}LMLSMS|
(
1
r12
)
|{njcl jc njdl jd}LMLSMS〉 .
Even though the indices i and j are too redundant, we have kept them in order
to emphasize our CI approach. In this context they denote two different specific
configurations. Hereafter, these indices will be removed from the notation.
For a two-electron system with two non-equivalent electrons, following the
equation (2.17), the antisymmetric WF with quantum numbers nala and nblb reads,
|{nala nblb}LMLSMS〉 = (2.24)
1√
2
[
|(nala)1(nblb)2LMLSMS〉+ (−1)la+lb+L+S |(nblb)1(nala)2LMLSMS〉
]
,
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and the antisymmetric WF for the case of two-equivalent electrons is
|{(nl)2}LMLSMS〉 = |(nl)1(nl)2LMLSMS〉 L + S even. (2.25)
Accordingly, the electron-electron Coulomb interaction matrix elements between
antisymmetric WF will be in terms of basic integrals in the form:
(r−112 )
ℵ = 〈(nala)1(nblb)2LMLSMS| r−112 |(nclc)1(ndld)2LMLSMS〉 , (2.26)
where the superscript ℵ denotes that we are using non-antisymmetrized functions.
To begin with the calculations of the matrix elements (2.26), which in principle in-
volves integrations over r1 and r2, we must introduce a commonly used multipole
expansion of the inter-electronic correlation term
r−112 =∑
l
rl<
rl+1>
Pl(cosθ12), (2.27)
where Pl(cosθ12) is the Legendre polynomial of order l whose argument is the
cosine of the inter-electronic angle [Abramowitz and Stegun, 1965]; r< is the lesser
between r1 and r2, r> is the greater.
As previously introduced, we use a mixed Dirac notation to separate the radial
part form the orbital and spin angular momentum part in the matrix elements as
follows
(r−112 )
ℵ
ab,cd =∑
l
∫ ∞
0
dr1
∫ ∞
0
dr2Una la(r1)Unb lb(r2)
rl<
rl+1>
Unc lc(r1)Und ld(r2) (2.28)
× 〈(lalb)LMLSMS| Pl(cosθ12) |(lcld)LMLSMS〉 ,
=∑
l
Rl(ab, cd) 〈(LS)ab|Pl(cosθ12)|(LS)cd〉 .
At first, in order to calculate the orbital-spin part of the matrix element which
are written now as 〈(LS)ab|Pl(cosθ12)|(LS)cd〉, we shall use the graphical method
described in [Lindgren and Morrison, 1986]; this method is based on the Spherical
Tensor Operators Theory. Now, using the addition theorem for Spherical Harmonics
(SH), we write the Legendre polynomial Pl(cosθ12) in terms of products of SH
Pl(cosθ12) =
2pi
2l + 1∑m
Y lm(θ1, φ1)Y∗lm (θ2, φ2), (2.29)
In addition, the definition of the “C tensor”, having components
Ckq =
√
2pi
2k + 1
Y kq (θ, φ), (2.30a)
Ck−q =
√
2pi
2k + 1
Y k−q(θ, φ), (2.30b)
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the relation of parity symmetry for the SH: Y∗kq (θ, φ) = (−1)qY k−q(θ, φ), and finally,
the canonical form of tensor scalar product of two tensors, that is defined by tk(1) ·
uk(2) = ∑q(−1)qtkq(1)uk−q(2), allow us to rewrite ((2.29)) as
Pl(cosθ12) =∑
m
(−1)mClm(1)Cl−m(2) = Cl(1) · Cl(2). (2.31)
Consequently, we are able to write the inter-electronic interaction operator in a
rather useful form
r−112 =∑
l
(−1)l(2l + 1) 12 r
l
<
rl+1>
{Cl(1)Cl(2)}00, (2.32)
where we have also used the expression
{tk(1)uk(2)}00 = (−1)k(2k + 1)−
1
2 tk(1) · uk(2), (2.33)
and here {tk(1)uk(2)}00 is a scalar operator (or a tensor of rank zero) as expected for
the Coulomb repulsion 1/r12. Finally, for a two-electron atom (helium isoelectronic
series) the matrix element of equation (2.28) may be written as
(r−112 )
ℵ
ab,cd =∑
l
(−1)l(2l + 1) 12 Rl(ab, cd) 〈(LS)ab|{Cl(1)Cl(2)}00|(LS)cd〉 . (2.34)
2.1.4.2 Two-particle orbital-spin angular momentum matrix element
In the first place, we shall evaluate the general matrix element of the compound
tensor of rank K, defined as gˆ12 = γ(r1, r2){tk1(1)uk2(2)}KQ, which reads
〈ab|γ(r1, r2){tk1(1)uk2(2)}KQ|cd〉 , (2.35)
where a, b, c, d denote the uncoupled one-electron states of equation (2.9), this is
|a〉 = |nalamal mas〉
The arbitrary function γ(r1, r2) depends on the radial coordinates of the two elec-
trons. The matrix element (2.35) may be calculated using the Wigner-Eckart theo-
rem [Edmonds, 1957; Lindgren and Morrison, 1986; Ballentine, 1998] to represent
integrals over the angular coordinates in the following way:
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〈ab|gˆ12|cd〉 = R(ab, cd) 〈ab|{tk1(1)uk2(2)}KQ|cd〉 , (2.36)
=
∫ ∞
0
∫ ∞
0
Pa(r1)Pb(r2)γ(r1, r2)Pc(r1)Pd(r2)dr1dr2
× 〈la||tk1 ||lc〉 〈lb||uk2 ||ld〉
- +
lcmcl
lamal
ldmdl
lbmbl
+
KQ
k1 k2
scmcs
samas
sdmds ,
sbmbs
×
here 〈la||tk||lc〉 is the reduced matrix element which is independent of mk and
R(ab, cd) =
∫ ∞
0
∫ ∞
0 Ua(r1)Ub(r2)γ(r1, r2)Uc(r1)Ud(r2)dr1dr2. By the way, the oper-
ator (2.32) is a tensor of rank zero, i.e., we must set K = 0 and Q = 0. The
corresponding γ function for the electron-electron interaction is
γk(r1, r2) =
rk<
rk+1>
, (2.37)
where r< is the lesser between r1 and r2, and r> is the greater. Using the graphical
identity
l2m2 l1m1
00
= [l1]−
1
2 l2m2 l1m1,
(2.38)
where [l1]−
1
2 = (2l1 + 1)−
1
2 , the uncoupled matrix element of the operator r−112 may
be written as
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〈ab|r−112 |cd〉 =∑
k
(−1)k 〈ab|γk(r1, r2){Ck(1)Ck(2)}00|cd〉 (2.39)
=∑
k
(−1)kRk(ab, cd) 〈la||Ck||lc〉 〈lb||Ck||ld〉
lamal lcm
c
l
lbmbl ldm
d
l-
+
× k
samas scmcs
sbmbs sdmds .
×
This is the matrix element of the inter-electronic operator for uncoupled states
a, b, c, d. Now, we shall calculate the general coupled matrix element. The coupled
states may be written
|(LS)cd〉 = |(lcld)LMLSMS〉 = |(lcld)LML〉 ⊗ |(scsd)SMS〉 (2.40)
= ∑mcl mdl
-
LML
lcmcl
ldmdl
∑mcsmds
-
SMS
scmcs
sdmds
|cd〉 ,
and
〈(LS)ab| = 〈(lalb)LMLSMS| = 〈(lalb)LML| ⊗ 〈(sasb)SMS| (2.41)
= ∑mal mbl LML
+
lamal
lbmbl
∑mas mbs SMS
+
samas
sbmbs
〈ab| ,
At this point, we can combine expressions (2.39), (2.40), and (2.41) to obtain the
coupled matrix elements
2.1 stationary quantum-mechanical description of helium-like atoms or ions 21
(r−112 )
ℵ
ab,cd =∑
k
(−1)kRk(ab, cd) 〈(LS)ab| {Ck(1)Ck(2)}00 |(LS)cd〉 (2.42)
=∑
k
(−1)kRk(ab, cd) 〈la||Ck||lc〉 〈lb||Ck||ld〉
LML
+
-
+
-
LML
lc
ld
la
lb
k×
SMS
+ -
SMS.
sc
sd
sa
sb
×
The spin and the orbital angular momentum of the electrons are coupled sepa-
rately and their graphical diagrams obey the following identities:
SMS
+ -
SMS
sc
sd
sa
sb
= 1,
(2.43)
LML
+
-
+
-
LML
lc
ld
la
lb
k =
+ -
-
+
lc
ld
la
lb
k
L (2.44)
+ -
-
+
lc
ld
la
lb
k
L
= (−1)lb+lc+L+k
{
la lb L
ld lc k
}
,
(2.45)
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where
{
la lb L
ld lc k
}
is the 6j-symbol [Lindgren and Morrison, 1986; Edmonds,
1957; Landau and Lifshitz, 1977]. Then the basic formula for the Coulomb ma-
trix elements for unsymmetrized configurations in the bra and ket is
(r−112 )
ℵ
ab,cd =∑
k
Rk(ab, cd) 〈a||Ck||c〉 〈b||Ck||d〉 (2.46)
× (−1)lb+lc+L
{
la lb L
ld lc k
}
.
Now, using the following expression for the reduced matrix element
〈l||Ck||l′〉 = (−1)l [(2l + 1)(2l′ + 1)] 12 ( l k l′
0 0 0
)
, (2.47)
we can rewrite the matrix element as
(r−112 )
ℵ
ab,cd =∑
k
Rk(ab, cd)(−1)la+lc+L (2.48)
× [(2la + 1)(2lb + 1)(2lc + 1)(2ld + 1)]
1
2
×
(
la k lc
0 0 0
)(
lb k ld
0 0 0
){
la k lc
ld L lb
}
,
by means of
(
j2 j1 j3
m2 m1 m3
)
= (−1)j1+j2+j3
(
j1 j2 j3
m1 m2 m3
)
, we have
(r−112 )
ℵ
ab,cd =∑
k
Rk(ab, cd)(−1)lb+ld+L (2.49)
× [(2la + 1)(2lb + 1)(2lc + 1)(2ld + 1)]
1
2
×
(
la lc k
0 0 0
)(
lb ld k
0 0 0
){
la k lc
ld L lb
}
.
At this point, we can use
(
j1 j2 j3
−m1 −m2 −m3
)
= (−1)j1+j2+j3
(
j1 j2 j3
m1 m2 m3
)
and
(−1)k = (−1)−k, for k an integer, to obtain
(r−112 )
ℵ
ab,cd =∑
k
Rk(ab, cd)(−1)L−k (2.50)
× [(2la + 1)(2lb + 1)(2lc + 1)(2ld + 1)]
1
2
×
(
la lc k
0 0 0
)(
lb ld k
0 0 0
){
la k lc
ld L lb
}
.
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2.1.4.3 Radial Matrix Elements
The radial integral which we have denoted Rk(ab, cd) as a factorized term in the
inter-electronic Coulomb matrix element is given by
Rk(ab, cd) =
∫ ∞
0
∫ ∞
0
Ua(r1)Ub(r2) r
k
<
rk+1>
Uc(r1)Ud(r2)dr1dr2, (2.51)
where we have used the relation Ui(r) = rRi(r). Now, in order to get the solution
of equation (2.51), we may define the function Yk(r) [Bachau et al., 2001; McCurdy
and Martín, 2004; Granados-Castro, 2012].
Ykbd(r) = r
∫ ∞
0
Ub(r′) r
k
<
rk+1>
Ud(r′)dr′, (2.52)
=
∫ r
0
Ub(r′)
(
r′
r
)k
Ud(r′)dr′ +
∫ ∞
r
Ub(r′)
( r
r′
)k+1 Ud(r′)dr′,
with this definition we can rewrite the radial integral (2.51) as
Rk(ab, cd) =
∫ ∞
0
Ua(r)Y
k
bd(r)
r
Uc(r)dr, (2.53)
We need a two-step way to calculate the radial integral (2.51). Firstly we com-
pute the function Ykbd(r) and immediately we insert it into the equation (2.53).
Anyway, one may try to compute this function by different methods. An efficient
method is to solve the associated Poisson’s equation. Actually, we can rewrite
the integral form of equation (2.52) as a differential equation for Ykbd(r) using the
Leibniz integral rule [Abramowitz and Stegun, 1965]
if F(x) =
∫ b(x)
a(x)
f (x, t)dt, (2.54)
=⇒ dF(x)
dx
= f (x, b(x))
db(x)
dx
− f (x, a(x))da(x)
dx
+
∫ b(x)
a(x)
∂
∂x
f (x, t)dt.
Firstly, we calculate the first and second derivative of Ykbd(r)
d
dr
Ykbd(r) = −
k
r
∫ r
0
Ub(r′)
(
r′
r
)k
Ud(r′)dr′ (2.55)
+
k + 1
r
∫ ∞
r
Ub(r′)
( r
r′
)k+1 Ud(r′)dr′,
d2
dr2
Ykbd(r) = −
2k + 1
r
Ub(r)Ud(r) (2.56)
+
k(k + 1)
r2
∫ r
0
Ub(r′)
(
r′
r
)k
Ud(r′)dr′
+
k(k + 1)
r2
∫ ∞
r
Ub(r′)
( r
r′
)k+1 Ud(r′)dr′,
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after that, combining the equations (2.52) and (2.56), we obtain the ordinary differ-
ential equation
d2
dr2
Ykbd(r) =
k(k + 1)
r2
Ykbd(r)−
2k + 1
r
Ub(r)Ud(r). (2.57)
This is a non-homogeneous one-dimensional Poisson’s equation which must sat-
isfy the following boundary conditions
Ykbd(0) = 0, (2.58a)
Ykbd(L) =
1
Lk
∫ L
0
Ub(r′)r′kUb(r′)dr′. (2.58b)
Given that we are solving the problem within a finite box, the upper limit in the
integration is L instead of infinity. Moreover, our numerical implementation to ob-
tain the solution of this differential equation is to expand Ykbd(r) in the same basis
of B-splines used to solve the one-electron Schrödinger equation, see section (B.2).
Nevertheless, our basis of B-splines satisfies only the first of these boundary con-
ditions. To solve the equation (2.57), with both of the boundary conditions (2.58),
we may use the Green’s function [McCurdy and Martín, 2004; Jackson, 1998] for
two-point boundary conditions, in the interval (0, L)
G(r, r′) =
rk<
rk+1>
− r
kr′k
L2k+1
, (2.59)
which satisfies the the equation
(
d2
dr2
− k(k + 1)
r2
)
G(r, r′) = −2k + 1
r
δ(r− r′). (2.60)
In the first place, we must seek a solution to the function Ykbd(r)
(0), that satisfies the
boundary condition (2.58a), but actually, at r = L satisfies Ykbd(L)
(0) = 0 instead of
the condition (2.58b). We expand this function in the basis of B-splines, which are
functions that satisfies the boundary conditions that they vanish at 0 and L,
Ykbd(r)
(0) =∑
i
Cki Bi(r). (2.61)
Replacing this expansion into the equation (2.57), we obtain
(
d2
dr2
− k(k + 1)
r2
)
∑
i
Ckj Bj(r) = −
2k + 1
r
Ub(r)Ud(r). (2.62)
Multiplying by one of the B-splines from the left and integrating over r gives the
following algebraic matrix equation for the coefficients Ckj
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∑
j
TkijC
k
j = (2k + 1)U
bd
i , (2.63)
TkCk = (2k + 1)Ubd,
the latter written in compact matrix form, where
Tkij = −
∫ L
0
Bi(r)
(
d2
dr2
− k(k + 1)
r2
)
Bj(r)dr (2.64)
and
Ubdi =
∫ L
0
Bi(r)
1
r
Ub(r)Ud(r)dr. (2.65)
Equation (2.63) has the solution (the second line in compact matrix form)
Cki = (2k + 1)∑
j
(Tk)−1ij U
bd
j , (2.66)
Ck = (2k + 1)(Tk)−1Ubd,
in this way we have the solution to Ykbd(r)
(0). In order to calculate the actual so-
lution Ykbd(r) of the Poisson’s equation (2.57), with the proper boundary condi-
tions (2.58), we need to add a term which is a solution of the homogeneous equa-
tion. Using the Green’s function (2.59), we may add an exact expression which is
analogous to its second term, this is
Ykbd(r) = Y
k
bd(r)
(0) +
rk+1
L2k+1
∫ L
0
Ub(r′)r′kUd(r′), (2.67)
= (2k + 1)∑
ij
Bi(r)(Tk)−1ij U
bd
j +
rk+1
L2k+1
Qkbd,
= (2k + 1)BT(r)(Tk)−1Ubd +
rk+1
L2k+1
Qkbd,
the latter written in compact matrix form, and where
Qkbd =
∫ L
0
Ub(r′)r′kUd(r′). (2.68)
Therefore, we have now a solution to the function Ykbd(r) satisfying the correct
boundary conditions (2.58). Finally, we substitute it back into the original expres-
sion for the radial two-electron integral (2.53), in order to obtain its solution
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Rk(ab, cd) =
∫ L
0
Ua(r)Y
k
bd(r)
r
Uc(r)dr, (2.69)
=
∫ L
0
Ua(r)1r
[
(2k + 1)∑
ij
Bi(r)(Tk)−1ij U
bd
j +
rk+1
L2k+1
Qkbd
]
Uc(r)dr,
= (2k + 1)∑
ij
[∫ L
0
Bi(r)
1
r
Ua(r)Uc(r)dr
]
(Tk)−1ij U
bd
j
+
1
L2k+1
Qkbd
[∫ L
0
Ua(r)rkUc(r)dr
]
.
using the equations (2.65) and (2.68), we finally arrive at the expression
Rk(ab, cd) = (2k + 1)∑
ij
Uaci (T
k)−1ij U
bd
j +
1
L2k+1
QkacQ
k
bd, (2.70)
= (2k + 1)UTac(T
k)−1Ubd +
1
L2k+1
QkacQ
k
bd.
A comparative table showing the computational validity of equation (2.70) can
be found in references [Bachau et al., 2001; Granados-Castro, 2012].
2.1.4.4 Inter-electronic Coulomb matrix elements between antisymmetric configurations
To summarize, we have calculated the matrix elements of 1/r12 between non-
antisymmetric configurations. Now we must take into account the antisymmetriza-
tion in the configurations for the bra and ket states, along with the property of
equivalent or non-equivalent electrons in the configurations, that affects the form
of the WF.
Equivalent—Equivalent Electrons
(r−112 )aa,cc = 〈{(nala)2}LS|r−112 |{(nclc)2}LS〉 , (2.71)
= (r−112 )
ℵ
ab,cd = 〈(nala)1(nala)2LS|r−112 |(nclc)1(nclc)2LS〉 ,
=∑
k
Rk(aa, cc)(−1)L−k(2la + 1)(2lc + 1)
×
(
la lc k
0 0 0
)2{
la k lc
lc L la
}
.
In a similar manner, all combinations of equivalent and non-equivalent two-electron
WFs, for the general antisymmetrized matrix element, may be written, as a result,
in terms of the non-antisymmetrized matrix elements (2.50).
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Equivalent—Non-equivalent Electrons
(r−112 )aa,cd = 〈{(nala)2}LS|r−112 |{nclc ndld}LS〉 , (2.72)
= 〈(nala)1(nala)2LS| r−112
1√
2
[|(nclc)1(ndld)2LS〉
+ (−1)lc+ld+L+S |(ndld)1(nclc)2LS〉
]
,
=
1√
2
(r−112 )
ℵ
aa,cd +
1√
2
(−1)lc+ld+L+S(r−112 )ℵaa,dc,
=
1√
2
(2la + 1)[(2lc + 1)(2ld + 1)]
1
2 ∑
k
[
Rk(aa, cd)(−1)L−k
+ (−1)lc+ld−k+S Rk(aa, dc)
]
×
(
la lc k
0 0 0
)(
la ld k
0 0 0
){
la k lc
ld L la
}
.
Non-equivalent—Equivalent Electrons
(r−112 )ab,cc = 〈{nala nblb}LS|r−112 |{(nclc)2}LS〉 , (2.73)
=
1√
2
[
〈(nala)1(nblb)2LS|+ (−1)la+lb+L+S 〈(nblb)1(nala)2LS|
]
× r−112 |(nclc)1(nclc)2LS〉 ,
=
1√
2
(r−112 )
ℵ
ab,cc +
1√
2
(−1)la+lb+L+S(r−112 )ℵba,cc,
=
1√
2
(2lc + 1)[(2la + 1)(2lb + 1)]
1
2 ∑
k
[
Rk(ab, cc)(−1)L−k
+ (−1)la+lb−k+S Rk(ba, cc)
]
×
(
la lc k
0 0 0
)(
lb lc k
0 0 0
){
la k lc
lc L lb
}
.
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Non-equivalent—Non-equivalent Electrons
(r−112 )ab,cd = 〈{nala nblb}LS|r−112 |{nclc ndld}LS〉 , (2.74)
=
1
2
[
〈(nala)1(nblb)2LS|+ (−1)la+lb+L+S 〈(nblb)1(nala)2LS|
]
× r−112
[
|(nclc)1(ndld)2LS〉+ (−1)lc+ld+L+S |(ndld)1(nclc)2LS〉
]
,
=
1
2
[
(r−112 )
ℵ
ab,cd + (−1)lc+ld+L+S(r−112 )ℵab,dc
+ (−1)la+lb+L+S(r−112 )ℵba,cd +
1√
2
(−1)la+lb+lc+ld(r−112 )ℵba,dc
]
.
=
1
2
[(2la + 1)(2lb + 1)(2lc + 1)(2ld + 1)]
1
2
×∑
k
[[
Rk(ab, cd)(−1)L−k + (−1)la+lb+lc+ld+L−kRk(ba, dc)
]
×
(
la lc k
0 0 0
)(
lb ld k
0 0 0
){
la k lc
ld L lb
}
+
[
Rk(ab, dc)(−1)lc+ld+S−k + (−1)la+lb+S−kRk(ba, cd)
]
×
(
la ld k
0 0 0
)(
lb lc k
0 0 0
){
la k ld
lc L lb
}]
.
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1Se 3Se 1Po 3Po 1De 3De
1 −2.903509 −2.175228 −2.123797 −2.133156 −2.055619 −2.055635
2 −2.145961 −2.068689 −2.055131 −2.058078 −2.031278 −2.031287
3 −2.061268 −2.036510 −2.031061 −2.032321 −2.020011 −2.020016
4 −2.033582 −2.022607 −2.019896 −2.020543 −2.013884 −2.013888
5 −2.021165 −2.015345 −2.013818 −2.014187 −2.010177 −2.010179
6 −2.014535 −2.011064 −2.010137 −2.010361 −2.007701 −2.007702
7 −2.010570 −2.008295 −2.007659 −2.007815 −2.005394 −2.005396
8 −2.007951 −2.005958 −2.005263 −2.005437 −2.002107 −2.002112
9 −2.005547 −2.002974 −2.001502 −2.001865
10 −2.001948
Table 2.1: Energies (in a.u.) for the bound states in helium, below the first ionization thresh-
old He+(n = 1), E = −2.0 a.u., for the symmetries 1,3Se, 1,3Po and 1,3De, com-
puted with a variational CI method using two-electron configurations in terms
of hydrogenic orbitals computed with a basis of B-splines. The basis of configu-
rations is described in tables 2.2 and 2.3.
2.1.5 Calculations for bound states of helium atom
In our work the CI approach is based on the expansion in terms of antisym-
metrized products of atomic orbitals, the latter expanded in B-splines polynomials
defined within a finite box of length L. B-splines have been widely used in the last
years and for a fuller description the reader is referred to [Bachau et al., 2001].
An almost precise ground state energy for helium atom may be obtained using
B-splines with an exponential Breakpoint (bp) (knot) sequence, see section A.3.2,
and 25 B-splines of order k = 7, generating one-electron orbitals with l ≤ 4, with
a full CI-WF of 2500 configurations, which yields the energy −2.903509 a.u. to be
compared with results reported by [Pekeris, 1958], −2.903742 a.u.
In table (2.1) we include all the calculated eigenenergies for the ground state 1Se
and the singly excited states of helium located below the first ionization threshold
for the spectroscopic symmetries 1,3Se, 1,3Po and 1,3De. The tables (2.2) and (2.3)
show the configurations and its number used in all calculations for all symmetries
of bound states of helium atom.
2.2 the projection operator formalism
Autoionization is a dynamical process of decay that occurs in the continuum spec-
tra of atoms and molecules. It belongs to a general class of phenomena known as
Auger effect where a quantum physical system "seemingly" spontaneously decays
into a partition of its constituent parts [Drake Gordon Ed., 2006]. The Auger effect,
in two-electron atoms, has three variations, inter alia, autoionization where a neu-
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Symmetry Configurations nmax1 n
max
2 Number of Conf.
1Se
ss 25 25 325
pp 26 26 325
dd 27 27 325
ff 28 28 325
gg 29 29 325
Total 1625
1Po
sp 25 26 625
pd 26 27 625
df 27 28 625
fg 28 29 625
Total 2500
1De
sd 25 27 625
pp 26 26 325
pf 26 28 625
dd 27 27 325
dg 27 289 625
ff 28 28 325
gg 29 29 325
Total 3175
Table 2.2: Number of configurations of the type (n1l1, n2l2) included in CI calculations to
obtain variational energies quoted in table 2.1 for spectroscopic states 1Se, 1Po
and 1De. The second column refers to angular configurations (l1, l2) (compati-
ble with the total symmetry) and nmaxi refers to the highest effective principal
quantum number of the hydrogenic orbitals, i.e., for s orbitals n=1, ..., nmaxs ; for
p orbitals, n=2, ..., nmaxp and so on.
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Symmetry Configurations nmax1 n
max
2 Number of Conf.
3Po
ss 24 25 300
pp 25 26 300
dd 26 27 300
ff 27 28 300
gg 28 29 300
Total 1500
3Po
sp 25 26 625
pd 26 27 625
df 27 28 625
fg 28 29 625
Total 2500
3De
sd 25 27 625
pp 25 26 300
pf 26 28 625
dd 26 27 300
dg 27 29 625
ff 27 28 300
gg 28 29 300
Total 3075
Table 2.3: Number of configurations of the type (n1l1, n2l2) included in CI calculations to
obtain variational energies quoted in table 2.1 for spectroscopic states 3Se, 3Po
and 3De. The second column refers to angular configurations (l1, l2) (compati-
ble with the total symmetry) and nmaxi refers to the highest effective principal
quantum number of the hydrogenic orbitals, i.e., for s orbitals n=1, ..., nmaxs ; for
p orbitals, n=2, ..., nmaxp and so on.
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tral or positively charged composite system decays into an electron and a residual
ion, autodetachment where the original system is a negative ion, and radiative
stabilization or radiative decay, where the system decays to an autoinization state
of lower energy, or a true bound state. It is worth noting that even though the au-
toionization process is rigorously a part of the scattering continuum, a formalism
elaborated by Feshbach can be introduced whereby the resonant case can be trans-
formed into a bound-like problem with the scattering elements built around it.
The Feshbach’s projection operator formalism [Feshbach, 1962] has been a widely
used method to describe resonance phenomena. It is possible to find a vast litera-
ture on its application to atomic and molecular electronic structure, [Temkin Ed.,
1985] and references therein. Nevertheless, its practical implementation has been
mostly reduced to atomic systems with two and three electrons. A detailed study
of the application of the stationary Feshbach method in helium has been per-
formed by [Sánchez et al., 1995]. Also, after the pioneering work of Temkin and
Bathia on three-electron systems [Temkin and Bhatia, 1985], the Feshbach formal-
ism has been recently revisited and applied to the Li and He atoms in our group
[Cardona et al., 2010; Granados-Castro and Sanz-Vicario, 2013], with a complete
formal implementation of the method.
2.2.1 Implementation of the Feshbach formalism
The basic idea of the Feshbach projection operator formalism is based on the
definition of projection operators P and Q which separate Ψ into scattering-like
PΨ and quadratically integrable or bound-like QΨ parts, yielding Ψ = QΨ+ PΨ;
and satisfying the projection operator conditions
P +Q = 1 completeness, (2.75a)
P2 = P , Q2 = Q idempotency, and (2.75b)
PQ = QP = 0 orthogonality. (2.75c)
Additionally, the projected wave functions must also satisfy the asymptotic bound-
ary conditions
lim
ri→∞
PΨ = Ψ (2.76a)
lim
ri→∞
QΨ = 0, (2.76b)
where the latter expression indicates the confined nature of the localized part of
the resonance. This Feshbach splitting of the continuum resonance wave function
can be drawn in schematic form as in figure 2.2.
By replacing the splitting form of the total wave function Ψ=QΨ+ PΨ into the
time independent Schrödinger equation HΨ=EΨ, it is straightforward to obtain
the following equations for the bound-like and the non-resonant scattering-like
parts [Cardona et al., 2010]
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(QHQ− En)QΦn = 0 (2.77a)
(PH′P − E)PΨ0 = 0, (2.77b)
where H′ is the operator containing the atomic Hamiltonian plus an optical poten-
tial devoid of any resonant contribution from the state QΦs with energy Es, i.e.,
H′=H +Vn 6=sopt where
Vn 6=sopt =∑
∫
n 6=s
PHQ|Φn〉〈Φn|
E− En QHP . (2.78)
In a similar manner the Hamiltonian splits into four different terms by means
of the projection operators (by using the completeness identity (2.75a))
H = QHQ+ PHP +QHP + PHQ, (2.79)
where the last two terms are responsible for the coupling between both halfspaces
which ultimately causes the resonant decay into the continuum. In practice one
starts by solving equation (2.77a) for the Q space with a CI method to obtain a
first approximation to the location of resonant states and it implies to use
Q = Q1Q2 = (1−P1)(1−P2) = 1−P1 −P2 + P1P2 = 1−P , (2.80)
then
P = P1 + P2 −P1P2. (2.81)
where Qi and Pi are one-particle projection operators. In this work we are re-
stricted to doubly excited states lying below the second ionization threshold of
the He atom, so that
Pi = |φ1s(ri)〉〈φ1s(ri)|. (2.82)
Therefore, the Q operator removes all those configurations containing the 1s or-
bital, then avoiding the variational collapse to the ground state (1s2), to singly
excited states (1sn`) and removing also the single ionization continuum (1se`).
As a result the lowest variational energies of the QHQ eigenvalue problem corre-
spond to the doubly excited states or resonances, that were immersed in the single
ionization continuum.
2.2.2 Resonant Q-halfspace.
We have performed CI calculations for the QHQ doubly excited resonant space
using the same configurational basis set that for bound states, but now, remov-
ing the 1s orbital as a direct effect of the projection operator Q using the equa-
tions (2.80), (2.81) and (2.82). Therefore we are able to obtain 19 DES of symmetry
34 doubly excited states of helium
1Se 3Se
This work [Chen, 1997] This work [Chen, 1997]
2(1, 0)+.−2 −0.7787708 −0.777870
2(1, 0)+.−3 −0.5900951 −0.589896 −0.6026003 −0.602577
2(1, 0)+.−4 −0.5449365 −0.544882 −0.5488467 −0.548841
2(1, 0)+.−5 −0.5267032 −0.526687 −0.5284149 −0.528414
2(1, 0)+.−6 −0.5176390 −0.517641 −0.5185441 −0.518546
2(−1, 0)+.−2 −0.6223959 −0.621810
2(−1, 0)+.−3 −0.5481972 −0.548070 −0.5597603 −0.559745
2(−1, 0)+.−4 −0.5277724 −0.527707 −0.5325090 −0.532505
2(−1, 0)+.−5 −0.5181340 −0.518100 −0.5205454 −0.520549
2(−1, 0)+.−6 −0.5127799 −0.512762 −0.5141647 −0.514180
Table 2.4: Energy positions (in a.u.) of resonant doubly excited states of helium located
below the second ionization threshold He+ (n1 = 2) for the total symmetries
1,3Se. Resonances are labelled according to the classification proposed by [Lin,
1983] using n1(K, T)
A
n2 ;
2s+1Lpi . The notation must be understood as A = 1 for
the symmetry 1Se, and A = −1 for symmetry 3Se.
1Se, 26 states for 1Po, and 25 states for 1De, using 1360, 1634 and 1909 configura-
tions, respectively. On the other hand, we get 17 DES of symmetry 3Se, 27 states for
3Po, and 24 states for 3De, using 1246, 1634 and 1840 configurations, respectively.
In order to illustrate the accuracy of our computation, we show in tables 2.4, 2.5,
and 2.6 a comparison of the our calculated energies of DES below the Nth = 2 with
the previously calculated by [Chen, 1997] using the saddle-point complex rotation
method. From these table we can finally conclude that our results are in close
agreement with the reported ones by Chen. Otherwise, we have also calculated
the CI-WF of these DES. These WF will be used as the starting point to build up the
two-dimensional two-particle density in the next chapter. We will postpone the
analysis of the accuracy of our calculations of the WF, by comparing the density
with others reported previously in the literature, until there.
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1Po 3Po
This work [Chen, 1997] This work [Chen, 1997]
2(0, 1)+n 2(1, 0)+n
n = 2 −0.6927496 −0.693069 −0.7614841 −0.760489
n = 3 −0.5640090 −0.564074 −0.5849286 −0.584671
n = 4 −0.5343290 −0.534358 −0.5429314 −0.542837
n = 5 −0.5214789 −0.521501 −0.5257518 −0.525711
n = 6 −0.5146989 −0.514732 −0.5171160 −0.517107
2(1, 0)−n 2(0, 1)+n
n = 3 −0.5970953 −0.597074 −0.5790297 −0.579030
n = 4 −0.5464858 −0.546490 −0.5395578 −0.539558
n = 5 −0.5272924 −0.527295 −0.5239415 −0.523946
n = 6 −0.5179307 −0.517939 −0.5160618 −0.516079
n = 7 −0.5126711 −0.512679 −0.5115092 −0.511547
2(−1, 0)0n 2(−1, 0)+n
n = 3 −0.5470914 −0.547087 −0.5488529 −0.548841
n = 4 −0.5276130 −0.527613 −0.5286420 −0.528637
n = 5 −0.5181138 −0.518115 −0.5187098 −0.518708
n = 6 −0.5127857 −0.512789 −0.5131517 −0.513155
Table 2.5: Energy positions (in a.u.) of resonant doubly excited states of helium located
below the second ionization threshold He+ (n1 = 2) for the total symmetries
1,3Po. Resonances are labelled according to the classification proposed by [Lin,
1983] using n1(K, T)
A
n2 ;
2s+1Lpi .
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1De 3De
This work [Chen, 1997] This work [Chen, 1997]
2(1, 0)+.−2 −0.7026974 −0.701830
2(1, 0)+.−3 −0.5693682 −0.569193 −0.5838054 −0.583784
2(1, 0)+.−4 −0.5367840 −0.539715 −0.5416857 −0.541679
2(1, 0)+.−5 −0.5227632 −0.522737 −0.5250186 −0.525018
2(1, 0)+.−6 −0.5154448 −0.515451 −0.5166775 −0.516687
2(0, 1)03 −0.5564146 −0.556417 −0.5606819 −0.560684
2(0, 1)04 −0.5315042 −0.531506 −0.5334602 −0.533462
2(0, 1)05 −0.5201091 −0.520114 −0.5211252 −0.521130
2(0, 1)06 −0.5139367 −0.513950 −0.5145241 −0.514540
2(−1, 0)04 −0.5292883 −0.529292 −0.5293086 −0.529312
2(−1, 0)05 −0.5189966 −0.519000 −0.5190130 −0.519016
2(−1, 0)06 −0.5133034 −0.513310 −0.5133149 −0.513322
Table 2.6: Energy positions (in a.u.) of resonant doubly excited states of helium located
below the second ionization threshold He+ (n1 = 2) for the total symmetries
1,3De. Resonances are labelled according to the classification proposed by [Lin,
1983] using n1(K, T)
A
n2 ;
2s+1Lpi . The notation must be understood as A = 1 for
the symmetry 1De, and A = −1 for symmetry 3De.
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n1(K,T)n 2
A
(1s,nl)
He+++e-+e-
He+(n=3)+e-
He+(n=2)+e-
He+(n=1)+e-
(1s)2
He(23S)He(21S)
He(11S)
-3.0
-2.0
-1.0
0
E(a.u.)
Doubly excited 
(autoionising) 
states of helium
Singly excited states
(1s,εl)
(2s,nl)
Figure 2.1: The energy level spectrum of helium. The ground state (1s2) and the Rydberg
series of singly excited states (1s, nl) lie below the first ionization threshold
(He+(n = 1) + e−) with energy E = −2.0 a.u. Above this threshold and below
the second ionization threshold (He+(n = 2) + e−) with energy E = −0.5 a.u.
a Rydberg series of doubly excited states (naively denoted as (2l1, n2l2) and
more properly with the [Lin, 1983, 1984] set of labels n1(K, T)
A
n2 . These DES
or resonances are immersed into the electronic continuum (1s, el) and they
are degenerated to it, which ultimately causes its irreversible decay into the
continuum once they become populated. A full Rydberg series of resonances
appear just below each ionization threshold of the parent ion He+(n), 2 <
n < ∞.
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Scattering like
(Continuum)
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Figure 2.2: Schematic form of the wave function corresponding to an atomic Feshbach res-
onance. The total resonance wave function splits into an inner radial localized
part QΨ and an outer scattering-like part PΨ, and the latter part does not
vanish asymptotically for r → ∞. The localized part carries most of the dis-
tinguishable topological information that allows us to discriminate properties
among different resonances in helium.
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3.1 two-electron distribution function
The two-electron density function or distribution function ρ(r1, r2) is defined as
the probability to find an electron at point r1 and another at point r2. The two-
electron density carries almost all the information about quantum correlations of
a compound system [Ezra and Berry, 1982, 1983]. In the following sections we
calculate this distribution function by means of a two-electron operator.
3.1.1 Two-electron density function operator
The two-electron distribution function ρ(r1, r2) is the expectation value of the op-
erator Gˆ(r1, r2) which has the following form in the position representation for an
atom or ion with N electrons [Ellis, 1996]
Gˆ(r1, r2) =
N
∑
i=1
i−1
∑
j=1
1
2
[
δ3(ui − r1)δ3(uj − r2) + δ3(ui − r2)δ3(uj − r1)
]
. (3.1)
The integral of the two-electron distribution function ρ gives the number of elec-
tron pairs, i.e.,
∫ 〈Ψ| Gˆ(r1, r2) |Ψ〉 dr1dr2 = N(N− 1)/2. In our approach, if we con-
sider the atom prepared in a CI pure state |ΨCI〉, then ρ(r1, r2) = 〈ΨCI |Gˆ(r1, r2)|ΨCI〉
is a rather complicated function of six coordinates, three for each electron coordi-
nate. On the other hand, the three coordinates that specify the orientation of the
atom or ion in space are irrelevant for our present purpose. Hence, we can average
or integrate over the three of the coordinates, i.e., the Euler angles. Consequently,
we obtain a two-particle operator which only depends on three relevant variables
r1 ,r2, and the interelectronic angle θ
Gˆ(r1, r2, θ) =∑
j<i
1
2
[
δ(ui − r1)δ(uj − r2) + δ(ui − r2)δ(uj − r1)
]
(3.2)
× δ(cosθij − cosθ).
Then, the two-electron density in terms of the internal variables can be recast in
the form of the expectation value of the operator (3.2)
ρ(r1, r2, θ) = 〈ΨCI |Gˆ(r1, r2, θ)|ΨCI〉 , (3.3)
and the density in equation (3.3) is normalized to the number of electron pairs
∫ ∞
0
dr1
∫ ∞
0
dr2
∫ 1
−1
d(cosθ)ρ(r1, r2, θ) = N(N − 1)/2. (3.4)
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In this form, we have a rotational-invariant two-electron density with no depen-
dence on the total azimuthal quantum numbers ML and MS. This procedure to
obtain the two-electron density is equivalent to that proposed by [Ezra and Berry,
1982, 1983] where a formula for the density is derived following a different proce-
dure. .
With the aim of evaluating ρ using a general numerical CI-WF, it is convenient
to express Gˆ in the language of spherical-tensor operator. For this propose, the
two-particle operator can be write as
Gˆ(r1, r2, θ) =∑
j<i
∞
∑
k=0
1
4
(2k + 1)Pk(cosθ)Pk(cosθij) (3.5)
× [δ(ui − r1)δ(uj − r2) + δ(ui − r2)δ(uj − r1)] ,
where we have used the completeness relation for Legendre polynomials [Sepúlveda-
Soto, 2009]
δ(cosθij − cosθ) =
∞
∑
k=0
1
2
(2k + 1)Pk(cosθ)Pk(cosθij). (3.6)
Now, the addition theorem for SH, see equation (2.29), enables us to write
Pk(cosθij) in terms of products of SH
Pk(cosθij) =
2pi
2k + 1∑q
Y kq (θi, φi)Y∗kq (θj, φj). (3.7)
Using definition of “C tensor”, having components (2.30), and the definition of
tensor scalar product, we can rewrite (3.7) as
Pk(cosθij) = Ck(i) · Ck(j), (3.8)
and we are able to write the two-electron density functions in a rather useful form
as follows
Gˆ2(r1, r2, θ) =∑
j<i
∞
∑
k=0
1
4
(2k + 1)
3
2 (−1)k{Ck(i) · Ck(j)}00 (3.9)
× [δ(ui − r1)δ(uj − r2) + δ(ui − r2)δ(uj − r1)] Pk(cosθ),
where we have also used the equation (2.33), in particular for the C tensor in the
form
{Ck(i) · Ck(j)}00 = (−1)k(2k + 1)−
1
2Ck(i) · Ck(j),
where {Ck(i) · Ck(j)}00 is a scalar operator (or a tensor of rank zero). Finally, for a
two-electron atom (helium isoelectronic series) equation (3.9) reduces to
Gˆ(r1, r2, θ) =∑
k
1
4
(2k + 1)
3
2 (−1)k{Ck(1) · Ck(2)}00 (3.10)
× [δ(u1 − r1)δ(u2 − r2) + δ(u1 − r2)δ(u2 − r1)] Pk(cosθ).
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3.1.2 Two-particle density operator matrix elements
The two-electron density function can be computed at different levels of approxi-
mation. In our case, in terms of the CI method and using its variational WF, it can
be written as
ρ(r1, r2, θ) = 〈ΨCI |Gˆ(r1, r2, θ)|ΨCI〉 =∑
ij
CiC∗j 〈ψi|Gˆ(r1, r2, θ)|ψj〉 , (3.11)
where the integrations involved in the expectation value must be performed over
the coordinates {u1, u2, θ} in equation (3.10).
Now we use the same procedure followed to compute the inter-electronic Coulomb
operator (2.27), taken as a reference the non-antisymmetrized matrix elements of
the operator G(r1, r2, θ)
(Gˆ(r1, r2, θ))ℵab,cd = 〈(nala)1(nblb)2LS| Gˆ(r1, r2, θ |(nclc)1(ndld)2LS〉 . (3.12)
Inserting the equation (3.10) in the equation (3.12) we obtain
(Gˆ(r1, r2, θ))ℵab,cd =∑
k
1
4
(−1)k(2k + 1) 32 R(ab, cd)Pk(cosθ) (3.13)
× 〈(LS)ab|{Ck(1)Ck(2)}00|(LS)cd〉 .
where the two-electron radial integral (which now incidentally does not depend
on the sum index k at variance with the Coulomb case) is
R(ab, cd) =
∫ ∞
0
∫ ∞
0
Ua(u1)Ub(u2)γ(u1, u2)Uc(u1)Ud(u2)du1du2, (3.14)
with
γ(u1, u2) = δ(u1 − r1)δ(u2 − r2) + δ(u1 − r2)δ(u2 − r1). (3.15)
This integral is straightforwardly calculated yielding
R(ab, cd) = Ua(r1)Ub(r2)Uc(r1)Ud(r2) + Ua(r2)Ub(r1)Uc(r2)Ud(r1). (3.16)
which corresponds to a function of the two radial variables r1 and r2.
Anyway, if we compare the equation (3.13) with the corresponding for inter-
electronic Coulomb matrix elements, equation (2.34), we realize that both orbital
and spin angular momenta integrals are formally equivalent between these equa-
tions. Consequently, we may write
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(Gˆ(r1, r2, θ))ℵab,cd =∑
k
1
4
(−1)L−k(2k + 1) (3.17)
× R(ab, cd) [(2la + 1)(2lb + 1)(2lc + 1)(2ld + 1)]
1
2
×
(
la lc k
0 0 0
)(
lb ld k
0 0 0
){
la k lc
ld L lb
}
Pk(cosθ).
3.1.2.1 Density operator matrix elements with antisymmetric configurations
Previously we have calculated the Coulomb 1/r12 matrix elements with both
non-antisymmetric, equation (2.50), and antisymmetric configurations, see equa-
tions (2.71)–(2.74). In the same way, the non-antisymmetric density operator ma-
trix elements are calculated in the expressions (3.16) and (3.17). Therefore, using
the antisymmetrized WF, equations (2.24) and (2.25), we can write the matrix ele-
ment of the operator Gˆ(r1, r2, θ) between two-electron configurations consisting of
equivalent or non-equivalent electrons. Then we proceed as follows:
Equivalent—Equivalent Electrons
(Gˆ(r1, r2, θ))aa,cc = 〈{(nala)2}LS|Gˆ(r1, r2, θ)|{(nclc)2}LS〉 , (3.18)
= 〈(nala)1(nala)2LS|Gˆ(r1, r2, θ)|(nclc)1(nclc)2LS〉 ,
= (Gˆ(r1, r2, θ))ℵab,cd
=∑
k
1
4
(−1)L−k(2k + 1)R(ab, cd)(2la + 1)(2lc + 1)
×
(
la lc k
0 0 0
)2{
la k lc
lc L la
}
Pk(cosθ).
In a similar way as performed in the two-electron Coulomb integrals, the general
antisymmetrized matrix elements (Gˆ(r1, r2, θ))ab,cd for the density are summarized
below for the rest of configurational cases of two-electron configurations.
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Equivalent—Non-equivalent Electrons
(Gˆ(r1, r2, θ))aa,cd (3.19)
= 〈{(nala)2}LS|Gˆ(r1, r2, θ)|{nclc ndld}LS〉 ,
= 〈(nala)1(nala)2LS| Gˆ(r1, r2, θ) 1√
2
[|(nclc)1(ndld)2LS〉
+ (−1)lc+ld+L+S |(ndld)1(nclc)2LS〉
]
,
=
1√
2
(Gˆ(r1, r2, θ))ℵaa,cd +
1√
2
(−1)lc+ld+L+S(Gˆ(r1, r2, θ))ℵaa,dc,
=
1√
32
(2la + 1)[(2lc + 1)(2ld + 1)]
1
2 ∑
k
(2k + 1)
[
R(aa, cd)(−1)L−k
+ (−1)lc+ld−k+S R(ab, dc)]
×
(
la lc k
0 0 0
)(
la ld k
0 0 0
){
la k lc
ld L la
}
Pk(cosθ).
Non-equivalent—Equivalent Electrons
(Gˆ(r1, r2, θ))ab,cc (3.20)
= 〈{nala nblb}LS|Gˆ(r1, r2, θ)|{(nclc)2}LS〉 ,
=
1√
2
[
〈(nala)1(nblb)2LS|+ (−1)la+lb+L+S 〈(nblb)1(nala)2LS|
]
× Gˆ(r1, r2, θ) |(nclc)1(nclc)2LS〉 ,
=
1√
2
(Gˆ(r1, r2, θ))ℵab,cc +
1√
2
(−1)la+lb+L+S(Gˆ(r1, r2, θ))ℵba,cc,
=
1√
32
(2lc + 1)[(2la + 1)(2lb + 1)]
1
2 ∑
k
(2k + 1)
[
R(ab, cc)(−1)L−k
+ (−1)la+lb−k+S R(ba, cc)]
×
(
la lc k
0 0 0
)(
lb lc k
0 0 0
){
la k lc
lc L lb
}
Pk(cosθ).
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Non-equivalent—Non-equivalent Electrons
(Gˆ(r1, r2, θ))ab,cd (3.21)
= 〈{nala nblb}LS|Gˆ(r1, r2, θ)|{nclc ndld}LS〉 ,
=
1
2
[
〈(nala)1(nblb)2LS|+ (−1)la+lb+L+S 〈(nblb)1(nala)2LS|
]
× Gˆ(r1, r2, θ)
[
|(nclc)1(ndld)2LS〉+ (−1)lc+ld+L+S |(ndld)1(nclc)2LS〉
]
,
=
1
2
[
(Gˆ(r1, r2, θ))ℵab,cd + (−1)lc+ld+L+S(Gˆ(r1, r2, θ))ℵab,dc
+ (−1)la+lb+L+S(Gˆ(r1, r2, θ))ℵba,cd +
1√
2
(−1)la+lb+lc+ld(Gˆ(r1, r2, θ))ℵba,dc
]
.
=
1
8
[(2la + 1)(2lb + 1)(2lc + 1)(2ld + 1)]
1
2
×∑
k
(2k + 1)
[[
R(ab, cd)(−1)L−k + (−1)la+lb+lc+ld+L−kR(ba, dc)
]
×
(
la lc k
0 0 0
)(
lb ld k
0 0 0
){
la k lc
ld L lb
}
Pk(cosθ)
+
[
R(ab, dc)(−1)lc+ld+S−k + (−1)la+lb+S−kR(ba, cd)
]
×
(
la ld k
0 0 0
)(
lb lc k
0 0 0
){
la k ld
lc L lb
}
Pk(cosθ)
]
.
3.1.3 Two-particle and one-particle electronic density functions of helium-like atoms
The two-particle electronic density function of an helium-like atom may be ob-
tained from the rotational trace of the diagonal two-electron density matrix [Ezra
and Berry, 1983], equation (3.11). By integrating over the angular coordinate θ we
obtain the two-electron radial density function, which reads
ρ(r1, r2) =
∫ 1
−1
d(cosθ)ρ(r1, r2, θ). (3.22)
We finally obtain the one-particle probability density by integrating equation (3.22)
over the radial coordinate r2
ρ(r) =
∫ ∞
0
r22dr2
∫ 1
−1
d(cosθ)ρ(r1 = r, r2, θ). (3.23)
3.1.4 One-particle electronic density function for bound states of Helium atom
After these computational details, we are now able to explore the one- and two-
electron radial densities in helium, which are mathematical distribution functions
after all, subject to any topological scrutiny by means of information entropic
measures.
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Figure 3.1: Electronic one-particle radial density ρ(r) for the lowest five bound states in
the spectroscopic symmetries 1Se, 1Po and 1De. Note that the y-axis is in loga-
rithmic scale.
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ρ(0) E(a.u.)
Saavedra et al. Present Saavedra et al. Present
1Se
1 3.620858 3.620790 −2.903724 −2.903508
2 2.618920 2.618926 −2.145974 −2.145960
3 2.566253 2.566259 −2.061272 −2.061267
3Se
1 2.640710 2.640708 −2.175229 −2.175228
2 2.570120 2.570117 −2.068689 −2.068688
Table 3.1: Values for the one-electron density at the nucleus ρ(r = 0) and energies for the
lowest three L = 0 bound states (singlets and triplets). Our results are compared
with previous work by [Saavedra et al., 1995].
We begin by assessing the quality of our results by comparing them with pre-
vious ones in the literature. Our energies and values for the one-electron radial
density at r = 0 for the lowest 1Se and 3Se states in helium are included in ta-
ble 3.1, and compared with those available from [Saavedra et al., 1995]. The values
reported by the latter authors were obtained using explicitly correlated WF follow-
ing the work by [Pekeris, 1958, 1959, 1962] with perimetric coordinates. Evidently,
our CI-WF has not such degree of sophistication but, increasing our angular correla-
tion, we can reproduce up to six figures in the energies and up to five in the radial
densities. This nice comparison endorses our computational procedure, which is
not aimed at obtaining precise numerical results for bound states but for highly
lying DES, for which explicitly correlated methods are less indicated. Anyway, we
are mostly interested on the qualitative behavior. The one-particle density calcu-
lated at different levels of theory should present differences probing the effects
of electron correlation. For instance, the clear effects of electron correlation are
visible when comparing the one-electron densities obtained with explicitly corre-
lated configurations and with an uncorrelated Hartree-Fock method (see figure
2 in [Saavedra et al., 1995]). The figure 3.1 depicts the one-particle densities ρ(r)
obtained here with our CI method. Finally, we want to mention the following in-
teresting qualitative result: only the ground state of Helium 11Se and the excited
state 11Po have a monotonically decreasing behavior; on the other hand, a non-
monotonically decreasing behavior is observed for all of the remaining excited
states, this phenomenon was previously observed by [Rigier and Thakkar, 1984]
and [Saavedra et al., 1995], and they incidentally report a monotonically decreas-
ing HF density function ρ for the excited state 21Se. But this difference with the
present CI-WF density is fundamentally due to the lack of a properly described
electron correlation in the HF method.
3.1.5 Two-particle electronic density function for doubly excited states of Helium atom
The two-electron radial (two-dimensional dependence) probability is calculated
by means of equation (3.22). It only involves the spatial coordinates, i.e, we have
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traced over the angular degrees of freedom. Since we deal with indistinguishable
particles we expect that ρ(r1, r2) be symmetric about the bisector line of plane
(r1, r2) (i.e., the line r1 = r2) under the permutation of the particle index.
The properties of electron correlation on DES of two-electron atoms is a problem
of considerable theoretical interest [Cooper et al., 1963; Lin, 1974; Sinanog˘lu and
Herrick, 1974; Herrick and Sinanog˘lu, 1975; Ezra and Berry, 1982, 1983]. In or-
der to analyze the electron correlation in the density distribution, Ezra and Berry
have undertaken a detailed study of the two-electron density ρ(r1, r2, θ12) via the
associated conditional probability ρ(r1, θ12, |r2 = α) which is the probability of
finding an electron at a distance r1 from the nucleus with interelectronic angle
θ12 given that the other electron is at distance α from the nucleus. They conclude
that a qualitative examination of the conditional density of the two-electron atoms,
calculated via a CI approach using Sturmian functions, enables them to find a re-
markable degree of collective rotor-vibrator behavior in the N = 2 shell, showing
that the molecular interpretation of the doubly excited spectrum due to [Kellman
and Herrick, 1980] is a useful qualitative picture.
In order to establish a deep qualitative understanding of the structure and
classification of DES of two-electron atoms we will focus on studying the two-
dimensional electronic density, ρ(r1, r2)r21r
2
2, where detailed information of the
structure of resonant states can be found. In an earlier work [Cortés et al., 1993],
the authors introduce a multipole expansion of the density of the resonances. They
could obtain a description of the electron correlations from the WF, using the so
called "correlation Z diagrams" [Macias and Riera, 1989, 1991]. Consequently, they
concluded that, in general, the electronic density plots of the 1Po DES are roughly
scaled pictures of each other and their classification offers no difficulty, e.g., the
(K, T) labels may be used throughout the whole Z diagram. Here, we have calcu-
lated the two-electron radial density ρ(r1, r2)r21r
2
2 with the interest of establishing
a qualitative and comparative understanding of the [Herrick and Sinanog˘lu, 1975;
Lin, 1983] classification scheme of DES in the He atom.
In the figures 3.2, 3.3, 3.4, 3.5, 3.6, and 3.7 we show the electronic probability
density ρ(r1, r2)r21r
2
2 of resonant DES of helium located below the second ionization
threshold He+ (n1 = 2) for the total symmetries 1,3Se, 1,3Po, 1,3De, respectively.
The resonances are organized under a criterion of increasing energy and are la-
belled according to the classification proposed by [Lin, 1983] and [Herrick and
Sinanog˘lu, 1975].
By the way, the radial correlation which is described by the A quantum number
introduced by [Lin, 1984] is evidenced in these two-dimensional electronic den-
sities. From the figures it is clearly seen that the density has an anti-node at the
line r1 = r2 for A = +1 and a node for A = −1, i.e, the quantum number A
describes the even or odd symmetry of the WF with respect to the line r1 = r2
and reflects the Pauli principle [Brandefelt, 1996]. In figures (3.2) and (3.3) for 1,3Se
states, where only T = 0 is allowed, it is shown that A = +1 corresponds to the
spin singlet states which show an anti-node at r1 = r2; on the other hand A = −1
labels the spin triplet states, which now have a node at the line r1 = r2 as can
be expected. The symmetries 1,3Po have a more complicated behavior that is pic-
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Figure 3.2: Two-electron radial density ρ(r1, r2)r21r
2
2 for the lowest eight resonant
1Se states
in He, located below the second ionization threshold. Resonances are labelled
according to the classification proposed by [Lin, 1983] using n1(K, T)
A
n2 . The
energy ordering of the resonances is indicated by the alphabet labels inside
the plots.
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tured in figures (3.4) and (3.5). The singlet 1Po states have an alternating behavior
between the values of the quantum number A = 1,−1, 0 evidencing again anti-
node (A = +1) and node (A = −1) behaviors. The A = 0 value is also predicted
by [Lin, 1993] in order to generalize the fact that the third series in the figure 3.2
is not possible to classify with a label A = ±1. Then, the triplet 3Po states have
only an alternating behavior between the values of the quantum number A = ±1.
This fact shows again the anti-node (+1) and the node behavior (−1), as expected.
Finally, the states of symmetry 1De shown in figure 3.6 only admits the values
A = +1, 0 and the states of symmetry 3De in figure 3.7 only involve the values
A = −1, 0. In conclusion, there is a strong relationship between the topological
behavior of the electronic density distribution and the quantum label A, which
ultimately describes de radial correlation of the DES (symmetric or asymmetric
stretching vibration as a correlated motion of the electron pair with respect to the
nucleus).
3.2 information-theoretic measures
The physical and chemical properties of atoms and molecules strongly depend on
the topological properties of the electronic density function. This function char-
acterise the probability structure of quantum-mechanical states. The structural
(topological) properties are for instance the spreading, uncertainty, randomness,
disorder, localization, and the small and strong changes of the probability distri-
bution. In order to analyse and quantify the topological properties of a system we
can use the widely known measures of the modern information theory described
by [MacKay, 2003; Cover and Thomas, 2006; López-Rosa, 2010] and the references
therein. The pioneering work of [Bialynicki-Birula and Mycielski, 1975] pointed
out the importance of applying the methods and concepts of the classical informa-
tion theory [Shannon and Weaver, 1949; Fisher, 1972] to the wave mechanics.
In this section we consider two information theoretic measures which comple-
mentarily describe the spreading of a probability density function in a box. First
a measure of the global character of the distribution, able to quantify the total ex-
tent of the probability density distribution using a logarithmic functional known
as Shannon entropy. Secondly, we introduce another interesting quantity called
Fisher information which is a functional of the gradient of the probability density.
At variance, this measure is very sensitive to the point-wise analytic behavior of
the density. This quantity has a local character.
Our goal is to apply these two objects of analysis or quantifiers to the one-
electron radial densities, see equation (3.23), of the resonant DES in helium in
order to obtain information of the their classification via the topological structure
of the density.
The application of these two quantifiers over the two-electron density functions
ρ(r1, r2) is possible but cumbersome. The integration over one of the radial coor-
dinates to obtain the one-electron radial density, projects all the rich subtleties of
the two-particle distributions included in figures 3.2-3.7 into one axis (r1 or r2).
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Figure 3.3: Two-electron radial density ρ(r1, r2)r21r
2
2 for the lowest eight resonant
3Se states
in He, located below the second ionization threshold. Resonances are labelled
according to the classification proposed by [Lin, 1983] using n1(K, T)
A
n2 . The
energy ordering of the resonances is indicated by the alphabet labels inside
the plots.
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Figure 3.4: Two-electron radial density ρ(r1, r2)r21r
2
2 for the lowest ten resonant
1Po states
in He, located below the second ionization threshold. Resonances are labelled
according to the classification proposed by [Lin, 1983] using n1(K, T)
A
n2 . The
energy ordering of the resonances is indicated by the alphabet labels inside
the plots.
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Figure 3.5: Two-electron radial density ρ(r1, r2)r21r
2
2 for the lowest ten resonant
3Po states
in He, located below the second ionization threshold. Resonances are labelled
according to the classification proposed by [Lin, 1983] using n1(K, T)
A
n2 . The
energy ordering of the resonances is indicated by the alphabet labels inside
the plots.
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Figure 3.6: Two-electron radial density ρ(r1, r2)r21r
2
2 for the lowest ten resonant
1De states
in He, located below the second ionization threshold. Resonances are labelled
according to the classification proposed by [Lin, 1983] using n1(K, T)
A
n2 . The
energy ordering of the resonances is indicated by the alphabet labels inside
the plots.
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Figure 3.7: Two-electron radial density ρ(r1, r2)r21r
2
2 for the lowest ten resonant
3De states
in He, located below the second ionization threshold. Resonances are labelled
according to the classification proposed by [Lin, 1983] using n1(K, T)
A
n2 . The
energy ordering of the resonances is indicated by the alphabet labels inside
the plots.
3.2 information-theoretic measures 57
Nevertheless we find that one-particle density may still have enough information
content to discriminate qualitatively different states within a Rydberg series.
3.2.1 Global measure: Shannon entropy
The birth of modern information theory was due to the pioneering paper of [Shan-
non and Weaver, 1949]. Claude Shannon in 1940s was investigating, in addition
to how to make communication procedures safer, how much people could com-
municate with each other through a physical system (e.g. a telephone network).
Shannon was seeking the way to send two or more calls down a single wire. In
order to achieve his pursuit he needed to provide a precise mathematical defini-
tion of the information concept. Shannon came up with the definition that the
information content of an event is proportional to the log of its inverse probability
p of occurrence [Vedral, 2010]:
IS = ln
1
p
. (3.24)
This definition of information expresses two relevant properties: (1) the fact that
less likely events, the ones for which the probability of happening is very small
are the ones that carry more information; (2) the total information in two inde-
pendent events should be the sum of the two individual amounts of information.
For this reason, and the fact that the joint probability of the two independent
events are the product of the individual probabilities, the information definition
involves a logarithmic function. Shannon originally named his measure of infor-
mation as "entropy" by a direct suggestion of John von Neumann. We often write
the Shannon entropy as a function of a probability distribution, p1, . . . , pn, i.e., as
the expectation value of the expression (3.24) with this probability distribution
S(p1, . . . , pn) = −∑
x
pxlnpx. (3.25)
Finally, the Shannon entropy is generalized, for an arbitrarily continuous prob-
ability distribution function, as [Catalán et al., 2002; Cover and Thomas, 2006;
López-Rosa et al., 2009; López-Rosa, 2010; Angulo, 2011; Antolín et al., 2011]
S[ρ] = −
∫
ρ(r)lnρ(r)dr (3.26)
The Shannon entropy is a direct measure of the uncertainty for a probability
distribution. It talks about ignorance or lack of information concerning an exper-
imental event or outcome. Nevertheless, as we have noted before, the Shannon
entropy is a measure of the amount of information that we expect to gain on
performing a probabilistic experiment.
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3.2.2 Local measure: Fisher information
Instead of providing information on the global structure of the probability distri-
bution function, there are other functionals more sensitive to the local topology,
for instance, the Fisher entropy. It is a better indicative of the local irregularities or
the oscillatory nature of the density as well as a witness of disorder of the system.
Therefore, this function is able to detect the local changes of the density in order to
provide a better description of the system in terms of the measure of information
in the outcome of an experiment. The Fisher information is defined as [MacKay,
2003; Cover and Thomas, 2006; López-Rosa, 2010]
I[ρ] =
∫
|∇lnρ(r)|2 ρ(r)dr (3.27)
=
∫ |∇ρ(r)|2
ρ(r)
dr
The Fisher information measure has been a successful concept to identify, char-
acterize and interpret numerous phenomena and physical processes such as e.g.,
correlation properties in atoms, the periodicity and shell structure in the periodic
table of chemical elements. It has been used for the variational characterization of
quantum equation of motion, and also to re-derive the classical thermodynamics
without requiring the usual concept of Boltzmann’s entropy, as well as other large
variety of applications, see [López-Rosa, 2010] and the references therein.
One of the more remarkable applications of the Fisher information is its deep
relationship with Density Functional Theory (DFT) where it plays a central role. The
relevance of Fisher information in quantum mechanics and DFT was first empha-
sized more than thirty years ago. It states that the quantum mechanical kinetic
energy can be considered a measure of the information distribution, see for in-
stance [Nagy, 2003] and the references therein. This well established relationship
between the quantum mechanical kinetic energy functional and the Fisher infor-
mation is called in the literature the Weizsäcker kinetic energy functional.
3.3 results and discussions
In this section we show and discuss the results obtained for both measures in-
troduced before: Shannon entropy and the Fisher information for the electronic
density function of DES of helium atom. Additionally, we also analyse the behav-
ior of the one-particle electronic density itself and the differential entropies, i.e.,
the arguments of the both measures, for the resonant states of symmetries 1,3Se,
1,3Po, and 1,3De for the same atom. Nevertheless, in order to obtain an intuitive
picture of the meaning for each of the entropic measures, we initially present the
same analysis, as an interesting illustration for the bound states of the hydrogen
atom.
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3.3.1 Information measures of Hydrogen atom
The hydrogen atom has been considered to have a central role in quantum physics
and chemistry. Its analysis is basic not only to gain a full insight into the inti-
mate structure of matter but also for other numerous phenomena like light-matter
interaction [Bransden and Joachain, 2003], the behavior of heterostructures like
quantum-dots, and so on. On the whole, since the birth of quantum mechanics,
the hydrogen atom had become as a paradigm, mainly because its Schrödinger
equation can be solved analytically.
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Figure 3.8: Shannon Entropy and Fisher Information or the lowest bound states (for l =
0, 1 and 2) of the Rydberg series below the ionization threshold in the hydrogen
atom.
In this section we obtain the information measures, i.e., the Shannon entropy
and the Fisher information for the hydrogen atom. Let us now deal with the ana-
lytical expression (B.10) for the WF of this atom
ψE,l,m(r, θ, φ) = RE,l(r)Y lml (θ, φ), (3.28)
where RE,l(r) is the radial function and Y lml (θ, φ) is the spherical harmonic which
describes the angular dependence. We are only interested in calculating the en-
tropic measures on the radial part of the WF, therefore we trace over the angular
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degrees of freedom. Then, the radial one-particle electronic density can be written,
in terms of the equation (B.14), as
ρ(r) = |RE,l(r)|2 (3.29)
=
∣∣∣∣∣∣
{(
2Z
n
)3 (n− l − 1)!
2n[(n + l)!]3
} 1
2
e−
ρ
2 ρl L2l+1n+1 (ρ)
∣∣∣∣∣∣
2
,
where ρ = 2Zn r and the L
i
k(ρ) are the associated Laguerre polynomials.
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Figure 3.9: Components of the integrand in the Shannon entropy integral formula for the
six lowest bound states of hydrogen with l = 0. The panel (a) shows the elec-
tronic density times the angular factor 4pi and the volume J-factor r2. Panel b)
shows the logarithm of the density at two different scales and panel c) shows
the full integrand of the Shannon entropy (or differential Shannon entropy).
The inset is a blow-up of the inner radial region.
The Shannon entropy for the lowest bound states in the Rydberg series with
angular momentum l = 0, 1 and 2 in H, is shown in figure 3.8. This quantity is a
monotonically increasing function when the energy of the bound states increases,
and the curve seems to reach an asymptotic behavior against the location of the
ionization threshold at E = 0 a.u., regardless the value of the angular momen-
tum l. This behavior evidences the fact that the density becomes more an more
spread with the energy excitation. Even though the ground state and the low en-
ergy states has different values of Shannon entropy for different values of the
angular momentum l, these values tend to converge to the same one for highly
excited manifolds (n → ∞) in the Rydberg series, for which all electron densi-
ties become highly oscillatory and spread out, regardless of the details at short
distances for different angular momentum. Previous results for the ground state
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Figure 3.10: Components of the integrand in the Shannon entropy integral formula for
the six lowest bound states of hydrogen with l = 1. The panel (a) shows
the electronic density times the angular factor 4pi and the volume J-factor r2.
Panel b) shows the logarithm of the density at two different scales and panel
c) shows the full integrand of the Shannon entropy (or differential Shannon
entropy). The inset is a blow-up of the inner radial region.
of hydrogen are reported by [Sen, 2005] and some analytical expressions are pro-
vided by [López-Rosa et al., 2005]. In addition, the figures 3.9, 3.10, and 3.11 show
the components of the integrand for the Shannon entropy according to Eq. (2.26)
for the lowest eigenstates of hydrogen atom with angular momentum l = 0, 1 and
2, respectively. In each figure, the panel (a) shows the electronic density, the panel
(b) its logarithm, and in panel (c) the complete differential Shannon entropy (the
full integrand) is shown. In the figure 3.9(a) the electronic density of the ground
state of Hydrogen atom is extremely localized close to the nucleus. By inserting
the logarithm of the electron density in the definition of the Shannon entropy,
many details of the density distributions at large radial distances are incorporated
into the entropy. This behavior of the differential Shannon entropy as the energy
increases (the peak of the maximum decreases but the distribution spreads out)
explains the monotonically increasing character of the Shannon entropy. Inciden-
tally, those states which are degenerated in energy (same n but different l, like
2s and 2p or 3s, 3p and 3d), in spite of having different spreading of the density,
the associated values for the Shannon entropy are similar, a behavior that can be
understood from the differential probabilities in figures 3.9, 3.10, and 3.11. Finally,
it is clear, from direct comparison, that the density of highly excited estates with
the same energy and different angular momentum are almost indistinguishable
for the Shannon entropy measure.
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Figure 3.11: Components of the integrand in the Shannon entropy integral formula for
the six lowest bound states of hydrogen with l = 2. The panel (a) shows
the electronic density times the angular factor 4pi and the volume J-factor r2.
Panel b) shows the logarithm of the density at two different scales and panel
c) shows the full integrand of the Shannon entropy (or differential Shannon
entropy). The inset is a blow-up of the inner radial region.
On the other hand, the Fischer information plot in figure 3.8 for hydrogen shows
that this quantity decreases monotonically to the limit value zero at the ionization
threshold (n→ ∞), but, at variance with the Shannon entropy, the Fischer informa-
tion measure shows a distinctive trend for each angular momentum value l (see
figure 3.8). Therefore, it is possible to conclude that the density became almost
homogeneous, i.e., it reaches a high oscillatory homogeneous behavior, for highly
excited states. Fisher information is higher for the ground state which is more
localized and has smaller uncertainty, i.e., the accuracy in estimating the localiza-
tion of the particle is bigger. This behavior is depicted in figures 3.9 (a), 3.10 (a)
and 3.11 (a) evidencing the strong localization of the ground state. Moreover, as
is shown in the figures the argument of the Fisher information, or the differential
Fisher information, shows that the major contribution to this local measure comes
from the regions of the electronic density close to the nucleus for the ground
state. However, for the excited states, this contribution becomes more and more
unimportant. Some analytical results can be found in [López-Rosa et al., 2005;
López-Rosa, 2010].
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Figure 3.12: Shannon entropy S(ρ) for the ground state and singly excited 1Se states in he-
lium (left panel) and doubly excited states belonging to the two series 2(1, 0)+n
and 2(−1, 0)+n within the 1Se symmetry of helium (right panel).
3.3.2 Results of information theory measures for doubly excited states of helium
We calculate, using a CI-FM approach, the eigenenergies and eigenfunctions of the
Rydberg series of He DES below the second ionization threshold for symmetries
(1,3Se,1,3 Po,1,3 De). However, as we have said before, we are not interested in repro-
ducing the highly precise values for the energies already reported in the literature.
Instead, we focus our effort to obtain a reasonable good description of the WF it-
self, since our workhorse is related to the radial density and our final results are
analyzed more qualitatively than quantitatively. In addition, we have also calcu-
lated the information-theoretic measures of the ground state and singly excited
states of helium atom, as we have done in the previous section with the bound
states of hydrogen atom and we present an analysis. In the following sections
we present the results of our numerical studies on the Shannon entropy and the
Fisher information integrals for each of the symmetries named before. In order
to obtain all the entropic measures of helium presented through this work, we
have used a numerical integration scheme based on the Gauss-Legendre quadra-
ture [Abramowitz and Stegun, 1965; Press et al., 2007] which is a very suitable
approximation of the definite integral of an arbitrary function usually stated as a
weighted sum of the function values at very specified points within the domain of
integration.
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Figure 3.13: Shannon entropy S(ρ) for singly excited 3Se states in helium (left panel) and
doubly excited states belonging to the two series 2(1, 0)−n and 2(−1, 0)−n within
the 3Se symmetry of helium (right panel).
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Figure 3.14: Shannon entropy S(ρ) for the singly excited 1Po states in helium (left panel)
and doubly excited states belonging to the three series 2(0, 1)+n , 2(1, 0)−n and
2(−1, 0)0n within the 1Se symmetry of helium (right panel).
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Figure 3.15: Shannon entropy S(ρ) for the singly excited 3Po states in helium (left panel)
and doubly excited states belonging to the three series 2(1, 0)+n , 2(0, 1)−n and
2(−1, 0)−n within the 3Po symmetry of helium (right panel).
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Figure 3.16: Shannon entropy S(ρ) for the singly excited 1De states in helium (left panel)
and doubly excited states belonging to the three series 2(1, 0)+n , 2(0, 1)0n and
2(−1, 0)0n within the 1De symmetry of helium (right panel).
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3.3.2.1 Shannon entropy of the 1,3Se, 1,3Po, and 1,3De doubly excited states of helium
atom
In this section we analyse the Shannon entropy calculated via the equation (3.26)
using the one-particle radial density ρ(r) for the singlet and triplet resonant states
of helium atom. In doing so, we show this quantity in figure 3.12 for the symmetry
1Se where we depict the results for the ground state and the singly excited states
on the left panel. The behavior of this quantity for these states is very close to the
obtained for the bound states of the hydrogen atom as is evidenced by a compari-
son with the left panel of figure 3.8. The Shannon entropy increases monotonically
to reach an asymptotic behavior when the energy of the Rydberg series approaches
the first ionization threshold. In fact, it seems reasonable to find that the Shannon
entropy must diverge to infinity once the ionization threshold is crossed, since
the corresponding continuum WF becomes fully delocalized in the configurational
space. In the same way, as is shown in the figure, there is a strong localization
of the density of the ground state close to the nucleus. A previous result for the
Shannon entropy in the ground state of He is reported by [Sen, 2005].
On the other hand, in the right panel of the figure 3.8 we show the Shannon
entropy values for the two (K, T) series of 1Se DES in helium. Since these states
also form Rydberg series in the continuum above the first ionization threshold but
below the second one, and we only analyze the contribution of the localized Q
part of the resonance to the Shannon entropy, the behavior of the entropy for DES
resembles that of the Rydberg series of the bound states. It is important to say that
even though we have plotted the two (K, T) series belonging to this symmetry
using different colours for each one (i.e., 2(1, 0)+n in red and 2(−1, 0)+n in blue), the
Shannon entropy is hardly capable to distinguish them, i.e., it is impossible to say,
based on the values of Shannon entropy and without a previous knowledge of the
classification, which state belongs to any specific series. By the way, although the
Shannon entropy seems to converge to a constant value as the energy approaches
the second ionization threshold, this is an apparent behavior due to the finite
box approximation in our computations, i.e., all our WF are set to zero at the box
boundary r=L, and this edge condition also affects the inner part of the density.
This fact produces an inaccurate description of the one-particle electronic density
for the highly lying resonances within each Rydberg series. Some figures concern-
ing the differential properties of the Shannon entropy are relegated to Appendix C.
For instance, other figures include the electronic radial density, its logarithm and
the radially differential Shannon entropy for the two series 2(1, 0)+n and 2(−1, 0)+n
in the 1Se symmetry, respectively. In conclusion, the behavior of the Shannon en-
tropy for the He resonances with increasing energy reflects the spreading of the
density to longer radial distances in the configurational space. The loss of the
compactness with higher excitation in the electronic density naturally increases
the entropy content. However, this Shannon entropy as an integral measure is not
able to discriminate (after integration) the differential subtleties associated to the
several (K, T) series within the same total 2S+1Lpi spectroscopical symmetry. It is
also evident that the density of highly excited resonances are truncated at r = L.
However, there are many ways to deal with the described trouble like, inter alia,
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extending the box size and increasing the number of basis in the CI approach, but
this is not the scope of the present work. We leave this convergence analysis for
another future work which must include the analysis of the isoelectronic series of
the helium atom where. There are no reported values of Shannon entropy for DES
of helium atom in the literature and this work is a first approach to the subject.
In a similar way we have calculated the Shannon entropy of the ground state, the
singly excited states and the DES of the symmetries 3Se plotted in figure 3.13, 1,3Po
plotted in figures 3.14 and 3.15, and 1,3De depicted in figures 3.16 and 3.17. From
these figures it is possible to conclude that the behavior of the Shannon entropy
calculated for the states of these symmetries has qualitatively the same character-
istics discussed for the symmetry 1Se. Both bound states and DES increase their
Shannon entropy content in a similar trend towards their corresponding upper
ionization threshold. Notice that in the resonant case we are dealing only with
the bound-like part of the DES according to the Feshbach partitioning. Therefore,
the Shannon entropy is no more that a witness for the compactness or diffuseness
in the inner part of the total resonance WF. This physically means that the outer
indistinguishable electron becomes more and more delocalized according to its
state of excitation. This fact can be evidenced in the figure where is depicted the
one-particle density and the Shannon entropy argument for the bound states of
the symmetry 1Po, and in the figures where are depicted the same functions of
the series 2(0, 1)+n , 2(1, 0)−n , and 2(−1, 0)0n, respectively, belonging to the symmetry
1Po. Finally, it is possible to conclude that Shannon entropy does not provide addi-
tional information about DES of helium in any particular symmetry. Consequently,
this specific measure is unable to extract crucial information about the topological
features of the density relevant to the problem of classification of resonances.
3.3.2.2 Fisher information of the 1,3Se, 1,3Po, and 1,3De doubly excited states of helium
atom
The Fisher information, I[ρ], is another important information quantity [Fisher,
1972; Cover and Thomas, 2006]. It is a measure of the gradient content of a dis-
tribution function and, for this reason, is a local measure which examines more
profoundly changes in the electronic distribution. For our present purposes, i.e.,
the analysis and characterization of the topological properties of DES of helium
we have calculated this quantity using the expression (3.27) in terms of their one-
particle densities. In addition, we have also calculated the values of this informa-
tion measure of singly excited states of helium with for the sake of comparison.
Let us start with the Fisher information for the bound states with total symmetry
1Se, in the left panel of the figure 3.18 we show the Fischer information value for
the lowest bound 1Se states against their energy. The Fisher information decreases
its value monotonically for increasing excitation energy, similar to the hydrogen
bound states in figure 3.8. The same decreasing behavior is observed for the bound
1Se states in the figure 3.19. Surprisingly, the limit value for the Fischer informa-
tion at ionization threshold is zero (see figure 3.8), but in the case of the He atom
the limit value is around 8. Then, at variance with the Shannon entropy, whose
value diverges at threshold, the Fischer information or gradient content seems to
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Figure 3.17: Shannon entropy S(ρ) for the singly excited 3De states in helium (left panel)
and doubly excited states belonging to the three series 2(1, 0)−n , 2(0, 1)0n and
2(−1, 0)0n within the 3De symmetry of helium (right panel).
provide a discriminating limiting value at threshold. The show the Fisher informa-
tion integral argument and from their analysis we can conclude that the Fischer
information of the highly excited bound states does not differ significantly, to yield
a limiting saturation value.
Similarly, the values of the Fischer information for the 1Se resonances in helium
are included in the right panel of figure 3.18. In contrast, this measure as applied
to He resonances does have neither a decreasing nor monotonic behavior against
the increasing energy. Actually, the Fischer information seems to split into two
different paths (one, that corresponds to the series 2(1, 0)+n , decreases their gradi-
ent content and the other, associated to the series 2(−1, 0)+n augments it). The two
resonance series seem to tend to a different limiting value at the second ionization
threshold, but ultimately they collapse to the same final value around 0.8.
The figure 3.20 corresponds to the Fisher information calculated for the bound
states and resonances of helium belonging to the symmetry 1Po. At variance with
the 1Se symmetry in figure 3.18, the Fischer information increases with the excita-
tion energy to reach a limiting value ∼ 16 at the ionization threshold. This behav-
ior will be common to the bound states of the other symmetries of helium 3Se, 3Po
and 1,3De as can be observed in the left part of figures 3.19, 3.21, 3.22, and 3.23,
respectively. The panel on the right in figure 3.20 shows the Fisher information
values for the three (K, T) series within the symmetry 1Po. It is clearly noticeable
that the three (K, T) series follow paths with completely different behavior, to fi-
nally collapse to the same point at the second ionization threshold. Although the
assignment of individual resonances was associated to a given path from our pre-
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Figure 3.18: Fisher Information I(ρ) for the ground and singly excited states (left panel)
and for the doubly excited states for the two series 2(1, 0)+n and 2(−1, 0)+n
belonging to the total symmetry 1Se.
vious knowledge of the existence of (K, T) series, clearly the Fisher information
is able to distinguish local topological properties in the one-particle radial density
among the different series. This result is important because it puts in evidence the
existence of different resonant series by simply analyzing the electronic density
with a selected tool like Fisher information.
Furthermore, if we analyse other symmetries we find the same behavior. In the
right panel of the figures 3.19, 3.21, 3.22, 3.23 we have plotted the Fisher infor-
mation of DES for the symmetries 3Se, 3Po, 1De, and 3De, respectively. The split-
ting is particularly evident and strong in the symmetry 3De where the resonances
belonging to each of the three series 2(1, 0)−n , 2(0, 1)0n, and 2(−1, 0)0n can be iden-
tified without ambiguity within a given set of points (see figure 3.23). We may
conclude that Fisher information provides a deeper insight into the quantum cor-
relations (interelectronic correlations) that characterizes the behavior of the helium
atom prepared in an autoionizing state. This measure can discriminate in the one-
particle density the two-electron correlations which are the roots of the quantum
properties of DES of helium. On the other hand, in the figures we have depicted:
a) The gradient part of the Fisher integral argument r2|∂rρ(r)|2 in two different
intervals, b)the one-particle electronic density 4piρ(r), c)the derivative of the den-
sity 4pi∂rρ(r), and d) the complete Fisher information argument or the differential
Fisher information. From the parts a) and d) of these figures we may conclude that
the contribution to the total Fisher information divides itself into two regions just
at r = 1 a.u.. The main contribution to this quantity seems to come from the first
of these regions, i.e., 0 ≤ r ≤ 1. The parts b) and c) of all these figures show a very
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Figure 3.19: Fisher Information I(ρ) for the singly excited states (left panel) and for the
doubly excited states for the two series 2(1, 0)−n and 2(−1, 0)−n belonging to
the total symmetry 3Se.
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Figure 3.20: Fisher Information I(ρ) for the singly excited states (left panel) and for the
doubly excited states for the two series 2(0, 1)+n , 2(1, 0)−n and 2(−1, 0)0n belong-
ing to the total symmetry 1Po.
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Figure 3.21: Fisher Information I(ρ) for the singly excited states (left panel) and for the
doubly excited states for the two series 2(1, 0)+n , 2(0, 1)−n and 2(−1, 0)−n be-
longing to the total symmetry 3Po.
peculiar feature of the one-electron density of the DES. This density function has a
critical point, i.e. a local minimum or maximum, or an inflexion point, just at r = 1
a.u.. Consequently, the derivative of the density, which is shown in c), vanishes at
this critical point. This behavior is common for all one-particle electronic density
of DES regardless of the symmetry. Actually, we do not know yet the reason of this
bizarre property in the density.. Moreover, it seems that there is an underlying
universality in the topological structure of the resonances which emerges with the
electronic density, yet to be uncovered.
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Figure 3.22: Fisher Information I(ρ) for the singly excited states (left panel) and for the
doubly excited states for the two series 2(1, 0)+n , 2(0, 1)0n and 2(−1, 0)0n belong-
ing to the total symmetry 1De.
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Figure 3.23: Fisher Information I(ρ) for the singly excited states (left panel) and for the
doubly excited states for the two series 2(1, 0)−n , 2(0, 1)0n and 2(−1, 0)0n belong-
ing to the total symmetry 3De.
4
E N TA N G L E M E N T O N D O U B LY E X C I T E D S TAT E S O F H E L I U M
AT O M
Entanglement is understood as a fundamental physical characteristic of the quan-
tum compound systems that inexorably implies its non-separability into the con-
stituents parts. A physical system S, composed of two subsystems S1 and S2 and
described by a state operator ρS (S is called bipartite quantum system), is defined
as entangled with respect to S1 and S2 if we can not write the state operator as a
convex sum
ρS =∑
l
wl ρlS1 ⊗ ρlS2 , (4.1)
where the weights wl satisfy the conditions wl ≥ 0 and ∑l wl = 1. The singlet state
of a pair of two-level system (e.g., a system of two particles with spin s = 1/2) is
the one of the simplest examples of an entangled state
|Ψ〉 = 1√
2
(|α〉1 ⊗ |β〉2 − |β〉1 ⊗ |α〉2) . (4.2)
If the compound (bipartite) system was prepared in an entangled state it cannot
be expressed as a factorized state in terms of the individual states of each subsys-
tem, i.e., |Ψ〉 6= |ψ1〉 ⊗ |ψ2〉. Consequently, it is not possible to assign a vector state
to each subsystem individually.
The concept of entanglement (entrelazamiento in spanish or verschränkung in
german) was coined by E. Schrödinger a sequel of the Einstein-Podolsky-Rosen (EPR)
paper. Schrödinger pointed out the striking implications of the entanglement con-
cept [Schrödinger and Born, 1935; Schrödinger and Dirac, 1935; Wheeler and
Zurek, 1984]:
When two systems, of which we know the states by their respective represen-
tatives, enter into temporary physical interaction due to known forces between
them, and when after a time of mutual influence the systems separate again, then
they can no longer be described in the same way as before, viz. by endowing each
of them with a representative of its own. I would not call that one but rather the
characteristic trait of quantum mechanics, the one that enforces its entire depar-
ture from classical lines of thought.
4.1 quantum entanglement of indistinguishable particles
The emergence of new ideas from the classical and quantum information theo-
ries provides an alternative perspective about the study of the electronic structure
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in atoms and, particularly, the measurement of the degree of quantum entangle-
ment for both fermionic and bosonic indistinguishable particles. Entanglement is
a fundamental feature of the compound quantum systems [Horodecki et al., 2009].
Moreover, it has been an important and useful resource for quantum information
processing [Bengtsson and Zyczkowski, 2006; Nielsen and Chuang, 2000]. It is
yet to clarify what is the role of the entanglement in some phenomena like quan-
tum phase transitions [Zanardi and Paunkovic, 2006; Zanardi et al., 2007] and its
relationship with the ionization processes in atoms and molecules, understood
as phase transitions. By the way, the fundamental question is how to establish
whether a general multipartite quantum state is entangled. For the case of pure
states, the Schmidt decomposition is a successful and widely accepted measure-
ment of entanglement [Peres, 1995]. Unfortunately, most proposed measures of
entanglement for general (mixed) states involves high demanding extremizations
which are difficult to handle analytically. Only for a few cases of physical systems
we have found analytical measures of entanglement, e.g., for the general case of a
pair of binary quantum objects (qubits) there is a formula for the entanglement of
formation, called concurrence, as a function of the density matrix [Wootters, 1998;
Horodecki et al., 2009]. There are some additional criteria or witnesses for en-
tanglement based, particularly, on the separability of quantum states [Horodecki
et al., 2009; Peres, 1996; Horodecki et al., 1996; Huber et al., 2010]. In our case
of fermionic systems in atoms and molecules we are interested to characterize
the quantum correlations, at short distances from the nucleus, of pure states of
a two-particle fermionic system taking into account the indistinguishability of
the two electrons. A pure state of indistinguishable particles must be written in
terms of Slater determinants which introduces the indistinguishability by means
of the symmetrization postulate, see section 2.1.2. However, this procedure does
not introduce the necessarily correlation in order to define a fermionic system
as entangled. This is common known as statistical entanglement which is a non-
distillable kind of entanglement, i.e., it is not useful as a resource in quantum
information processing and quantum computation. The symmetrization postulate
is introduced over factorized configurations of distinguishable electrons leading
to a Slater determinant. This is the case of the HF method, which is based in the
better description of the WF with a single Slater determinant. Furthermore, the
additional quantum correlations arise when the description of the quantum cor-
relations is done with a WF that possesses more than one Slater determinant. In
general, this scheme was designed CI, see section 2.1.3. Moreover, the correlation
energy is defined as the difference between the limit HF energy and the limit CI
energy (or the exact energy if this exist). Consequently, in the case of fermions an
analogous concept to the Schmidt decomposition is introduced, which is called
the Slater decomposition and the Slater rank [Schliemann et al., 2001].
Following [Ghirardi and Martinatto, 2004], the general criterion to measure
the entanglement of a system of two indistinguishable particles can be jointly
established by: i) via the possibility of the decomposition of Slater-Schmidt and
the determination of the Slater rank, ii) with the analysis of the von-Neumann
entropy or the linear entropy of the reduced density operator of one-particle. This
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procedures enable us to elucidate whether the fermionic correlations of the states
are elementary effects of the indistinguishability of the particles or they are direct
evidence of the entanglement. The entanglement notion of a compound system of
two-fermions is discussed widely by [Schliemann et al., 2001].
4.1.1 Entanglement measure of the helium atom
The quantum formalism describes the total state of a compound system in a
Hilbert space as a tensor product of the subsystems spaces, i.e., ⊗nl=1Hl [Osenda
and Serra, 2007, 2008]. The superposition principle allows us to write the total
state of the system as a sum of antisymmetrized products of spin-orbitals, which
conforms the CI method [Yáñez et al., 2009; Dehesa et al., 2012a,b]. With a basis of
spin-orbitals of size N it is possible to write the total WF in the particular form as
required to determine the Slater rank, as follows [Schliemann et al., 2001].
|Ψ(1, 2)〉 =∑
i
ai
1√
2
[|2i− 1〉1 ⊗ |2i〉2 − |2i〉1 ⊗ |2i− 1〉2] (4.3)
where the index i runs over all the spin-orbitals of the one-electronic basis and
the coefficients ai must satisfy the normalization condition ∑i ai = 1. This is the
condition of the Theorem 3.2 of the reference [Ghirardi and Martinatto, 2004]. The
number of coefficients ai 6= 0 which appear in the expansion (4.3) is named the
Slater number or rank of the state |Ψ(1, 2)〉. The relationship between the Slater
rank and the concept of entanglement can be defined as: an state is entangled
if the Slater number follows the condition NS > 1. Therefore, the state whose
description is based on a single Slater determinant is not entangled, i.e., the unique
correlation present in the state is due to the symmetrization postulate. For this
reason, a state described in terms of the CI method is, by default, a fermionic
entangled state. Anyway, the entanglement information for a bipartite system of
two electrons can be found in the reduced density operator ρˆ1 = Tr2ρˆ. This means
that we must average over all relevant coordinates of subsystem 2 by taking the
partial trace. The reduced density matrix is calculated by using a partial trace over
the second electron in the full density matrix
ρˆ(r1, r′1) = Tr2ρˆ(r1, r2; r
′
1r
′
2) (4.4)
=
∫
dr2ΨCI(r1, r2)Ψ∗CI(r′1, r2).
Now, we can use the following two quantities to measure the amount of entangle-
ment between the particles of a two-electron system: the linear entropy which is
also a measure of the purity of the reduced system
SL = 1− Tr[ρˆ(r1, r′1)2]. (4.5)
= 1−
∫
drρˆ(r, r)2
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and the von-Neumann entropy
SVN = −Tr[ρˆ(r1, r′1)Log2ρˆ(r1, r′1)]. (4.6)
= −
∫
dr[ρˆ(r, r)Log2ρˆ(r, r)].
Since the CI method is based on the use of (spin and angular momentum)
symmetry-adapted two-electron configurations (see equation (2.18)), the reduced
density matrix ρ(r, r′) can be calculated in a very simple algebraic form in terms of
the CI expansion coefficients in equation (2.18); then avoiding the very demanding
numerical integration of multidimensional integrals of the density matrix. [Coe
et al., 2008; Abdullah et al., 2009; Dehesa et al., 2012a,b]. With these consider-
ations and within the CI method, the partial trace, the linear entropy and the
von-Neumann entropy take the following straightforward form
ρˆn1l1;n′1l′1 =∑
nl
Cn1l1;nlC
∗
n′1l
′
1;nl
, (4.7)
and
SL = 1− ∑
nl,n′ l′
ρˆnl;n′ l′ ρˆn′ l′;nl , (4.8a)
SVN = −∑
i
λiLog2λi, (4.8b)
where the λs are the eigenvalues of the one-electron reduced density matrix ρˆn1l1;n′1l′1 .
Our goal is to extend these measures of entanglement to the general analysis of
the resonant states of the helium atom in order to obtain a deeper insight of their
electronic correlation structure, as well as to uncover the classification of the reso-
nant Rydberg series below the second ionization threshold under the scrutiny of
entanglement witnesses. Some emerging studies have been recently performed on
the analysis of quantum entanglement in two-electron systems [Yáñez et al., 2010;
Manzano et al., 2010], particularly, in toy models of two-electrons which can be
solved analytically (see also [Amovilli and March, 2003, 2004]), e.g., Moshisky’s
atom [Moshinsky, 1958], Hooke’s atom [Taut, 1993], or Crandall’s atom [Cran-
dall et al., 1984]. In the Moshinky’s atom all the interactions between particles
are harmonic. In the Hook’s atom, the interelectronic interaction is replaced by a
Coulomb interaction and in the Crandall’s atom the interaction between electrons
are changed by a polarization like interaction 1/r212. None of these toy models
allows ionization of electrons, i.e, there are no presence of resonant states which
appear when all the interactions are Coulomb like. However, the quantum systems
subject to these interaction potentials can be solved exactly, and therefore exact WF
and density operators are readily available. Consequently, the entanglement mea-
sures can be calculated exactly. Nevertheless, there are only entanglement values
for the ground state and for a few of excited states in these systems. In the refer-
ence [Manzano et al., 2010], additionally to the analysis of the entanglement for
the Hooke’s atom and for the Crandall’s atom from the linear entropy, there is a
preliminarily attempt to obtain an entanglement analysis in two-electron atoms.
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To this purpose, the authors employ CI of Hylleraas coordinates of the (s,t,u)
kind which are explicitly correlated. However, their analysis is focused only to
the ground state.
Finally, in the following section we present our calculated measures of entan-
glement of both bound and DES of the helium atom via our high-quality CI-FM
reduced density matrix.
4.1.2 Results of the entanglement amount in the eigenspectrum of the helium atom.
Dehesa et al. Benenti et al. Present
SL SL SVN SL SVN
|1s1s;1Se〉 0.015914 0.01606 0.0785 0.011460 0.066475
|1s2s;1Se〉 0.48866 0.48871 0.991099 0.487222 0.988964
|1s3s;1Se〉 0.49857 0.49724 0.998513 0.497154 0.998530
|1s4s;1Se〉 0.49892 0.49892 0.999577 0.498909 0.999631
|1s5s;1Se〉 0.4993 0.499565 0.999838 0.499468 0.999881
|1s2s;3Se〉 0.50038 0.500378 1.00494 0.500375 1.004924
|1s3s;3Se〉 0.50019 0.5000736 1.00114 0.500073 1.001136
|1s4s;3Se〉 0.49993 0.5000267 1.000453 0.500026 1.000450
|1s5s;3Se〉 0.50012 0.5000125 1.000091 0.500012 1.000227
Table 4.1: Linear Entropy and von Neumann Entropy for bound states of helium: Symme-
tries 1Se and 3Se. [Dehesa et al., 2012a,b; Benenti et al., 2013] and the present
work.
4.1.2.1 A comparison with previously reported values of the amount of entanglement
for the 1,3Se bound states of helium atom and results of the entanglement in the
bound states of 1,3Po and 1,3De symmetries.
In the first place, we have calculated the linear entropy SL (equation (4.8a)) and
the von-Neumann entropy SVN (equation (4.8b)) for several bound eigenstates of
the helium atom. Our results, along with previously published results by other au-
thors, are included in the table 4.1 [Dehesa et al., 2012a,b; Benenti et al., 2013]. We
present in this table the amount of entanglement for the ground state of helium
atom and additionally for some singly excited 1,3Se states. Our results are in a good
agreement with the reported ones regardless of the method used to calculate the
integrals. Dehesa et al. calculate the integral (4.5) using a Monte Carlo multidimen-
sional numerical integration of a 12-dimensional definite integral. They build the
electronic density by means of the explicitly correlated Kinoshita-type WFs [Koga
and Morishita, 1995; Koga, 1996]. This high demanding computational method
provides a good description of the density and then of the entanglement amount
for bound states of helium atom, However, due to the intrinsic complexity of this
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method regardless of the goodness of the Kinoshita-like expansions, we have cho-
sen the alternative CI-FM to deal with DES. On the other hand, Benenti et al. also
employ a CI method, where the radial WF is obtained by means of a variational
procedure using expansions in terms uncorrelated orthogonal Slater-type orbitals.
In this sense, our present method is similar to that of Benenti et al., although in
our case we use orthogonal hydrogenic orbitals in terms of B-splines. The impor-
tant issue is that by using a CI method with orthonormal basis, the expansion
variational coefficients straightforwardly allow us to build the density matrix ac-
cording to the equation (4.7). Consequently, the computation of the linear and von
Neumann entropies can be readily performed without explicit complex (Monte-
carlo) integration procedures. Once again, our results of the entanglement amount
are in a very good agreement with the values reported by the other authors. We
have found that the entanglement value of bound 1Se states (see linear and von
Neumann entropies in table 4.1) increases with the excitation to reach a saturation
value at the first ionization threshold. At variance, for the bound 3Se states, the
entanglement content slightly reduces its value from its maximum corresponding
to the lowest triplet state. Our intuition suggests that the entanglement must be
stronger for states of helium atom that keep the electrons localized close to the
nucleus. This is in agreement with the result of the 3Se bound states, but is not
with 1Se singly excited states. The linear entropy in these states seem to increase
monotically towards a constant value (the value of maximal mixing of the reduced
density matrix). This behavior is shown in the left panel of the figures 4.1 and 4.4.
Additionally, the increasing behavior of entanglement for the 1Se bound states
seem to be unique; the figures 4.2, 4.3, 4.5 and 4.6 show that all the remaining
bound states of helium have a decreasing behavior of entanglement as a function
of the energy of the singly excited states and hence this fact is again in agree-
ment with the intuitive picture of decreasing correlation for high excited states of
helium.
4.1.2.2 Entanglement amount of the 1,3Se,1,3 Po,1,3 De doubly excited states of helium
atom.
We assume that most of the entanglement content in the resonance WF is given by
the localized part of the state according to the Feshbach partitioning. This Q-space
part is computed with a CI approach, that provides a description in terms of a large
combination of configurations based upon antisymmetrized products of orthogo-
nal orbitals. This structure of the WF corresponds to an entangled state. We provide
the numerical values of the amount of entanglement for the He resonances, for all
spin singlets and triplets with L = 0, 1 and 2, below the second ionization thresh-
old. As a entanglement measure we firstly use the linear entropy. Absolute values
for the linear entropy in atomic systems are difficult to be interpreted so far, and
we are more interested in its relative behavior as a function of the excitation en-
ergy in the resonance Rydberg series. In the figures 4.1, 4.2, 4.3, 4.4, 4.5 and 4.6
we have plotted the linear entropy as a measure of the amount of entanglement
of DES of helium atom. The behavior of the entanglement of these resonant states
differs strongly from the singly excited states. The entanglement neither increases
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Figure 4.1: Linear entropy SL(ρ) for the ground and the lowest singly excited states for the
1Se symmetry below the first ionization threshold (left panel) and for the two
series 2(1, 0)+n and 2(1, 0)+n of resonances belonging to symmetry 1Se below the
second ionization threshold (right panel).
monotonically nor decreases with the energy; instead it has, at first view, a not
well defined behavior, almost a random one. If we take no notice of the a priori
colour separation in the figures, it may take a long time to pick out any underly-
ing regularity. However, after a more careful scrutiny it is possible to identify two
or more independent trends. We have assigned a colour to each of the different
paths in the figures to discriminate the independent behavior of each (K, T) series.
The fundamental issue is that the linear entropy seems to clearly distinguish the
resonance (K, T) series according to the content of entanglement, whose behavior
is not monotonic with increasing energy and it is different for each series. This
fact becomes as a fundamental tool that enables us to discriminate the resonances
into separated set based only in the very strange quantum correlation of non sep-
arability of a global quantum state of the helium atom.
The von Neumann entropies can also be used as a witness of entanglement.
we have also calculated the von Neumann entropies for the bound and resonant
states in He. We find a behavior for the resonances series very close to the lin-
ear entropies and these results are relegated to Appendix C as a compilation of
figures C.1, C.2, C.3, C.4, C.5, and C.6.
As we suggested above in the section 3.3.2.2, the Fisher information also allow
us to reach a similar conclusion about the classification of resonances based on
a pure topological analysis of the electronic density. The very first question that
arises is how a local measure can be compared with essentially a global measure
like linear entropy and both provides similar qualitative trends. We can try a very
first attempt to respond to this question saying that all the quantum correlations
features of the DES were hidden in the off-diagonal elements of the reduced den-
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Figure 4.2: Linear entropy SL(ρ) for the lowest singly excited states of 1Po symmetry be-
low the first ionization threshold (left panel) and for the three series 2(0, 1)+n ,
2(1, 0)−n , and 2(−1, 0)0n of resonant doubly excited states of symmetry 1Po be-
low the second ionization threshold (right panel).
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Figure 4.3: Linear entropy SL(ρ) for the lowest singly excited states of 1De symmetry be-
low the first ionization threshold (left panel) and for the three series 2(1, 0)+n ,
2(0, 1)0n, and 2(−1, 0)0n of resonant doubly excited states of symmetry 1De be-
low the second ionization threshold (right panel).
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Figure 4.4: Linear entropy SL(ρ) for the lowest singly excited states of 3Se symmetry below
the first ionization threshold (left panel) and for the two series 2(1, 0)−n and
2(−1, 0)−n of resonant doubly excited states of symmetry 3Se below the second
ionization threshold (right panel).
sity matrix, i.e, the so called coherences elements of the state operator. We must
remember that a measure like Shannon entropy are calculated over the electronic
density that represents only the diagonal elements of the state operator.
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Figure 4.5: Linear entropy SL(ρ) for the lowest singly excited states of 3Po symmetry be-
low the first ionization threshold (left panel) and for the three series 2(1, 0)−n ,
2(0, 1)0n, and 2(−1, 0)0n of resonant doubly excited states of symmetry 3Po below
the second ionization threshold (right panel).
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Figure 4.6: Linear entropy SL(ρ) for the lowest singly excited states of 3De symmetry be-
low the first ionization threshold (left panel) and for the three series 2(1, 0)+n ,
2(0, 1)−n , and 2(−1, 0)−n of resonant doubly excited states of symmetry 3De be-
low the second ionization threshold (right panel).
Part III
S U M M A RY A N D P E R S P E C T I V E S

5
C O N C L U S I O N D A N D P E R S P E C T I V E S
1. The Shannon entropy increases monotonically for both bound states and
resonances. This quantity is not able to separate the different (K, T) series
in the resonant manifold. The global characteristics of the density function
cannot be used to classify the doubly excited states.
2. The Fisher information seems to have a trend towards a constant value in
each case. This measure as applied to He resonances does have neither a de-
creasing nor monotonic behavior against the increasing energy. Actually, the
Fischer information seems to split into different paths. Because this quan-
tity is sensitive to strong changes on the density function over a small-sized
region, these local strong variations allow to identify each resonance (K, T)
series.
3. Linear entropy measures the amount of entanglement between the two elec-
trons in our system. We can conclude that the linear entropy clearly may
distinguish the resonance (K, T) series according to the content of entan-
glement, whose behavior is not monotonic with increasing energy and it is
different for each series. This fact becomes as a fundamental tool that en-
ables us to discriminate the resonances into separated set based only in the
very strange quantum correlation of non separability of a global quantum
state of the helium atom.
4. We leave the convergence analysis, due to the finite box approximation, for
another future work which must include the analysis of the entanglement in
the isoelectronic series of the helium atom.
5. We also leave the analysis of information theory measures, complexity and
quantum entanglement of the resonances belonging to the upper continuum
thresholds associated to excited target configurations ( He+ (n = 2, 3, 4, . . . )+
e−) for another future work.
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Part IV
A P P E N D I X

A
T H E B A S I S O F B - S P L I N E S
An extended method in quantum mechanics for solving the Schrödinger and Dirac
equations has been the use of basis sets. Applying the variational method to the
Schrödinger equation, Hylleraas obtained a value of −2.903648 a.u. for the ground
state energy of helium using only five trial functions [Hylleraas, 1929]. Slater-type
orbitals are another kind of basis functions, proposed by [Slater, 1930], used as
atomic orbitals in the variational atomic orbital linear combination method. This
widely used method enables us to transform the solution of a differential equation
into an generalized eigenvalue problem [Shore, 1973, 1974; Johnson et al., 1988;
Cheng et al., 1988; Bachau et al., 2001]. The use of basis sets of many types have
been routinely used in molecular physics and other branches of physics. In atomic
physics this method has been systematically used together with another accurate
techniques like finite-difference methods. Nowadays, the great development of
high optimized and accurate numerical routines of linear algebra for matrix diag-
onalization allows for the implementation of several basis solution schemes.
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Figure A.1: Set of ten B-splines with order k = 5 originated from the knot sequence
{0, 0, 0, 0, 0, 1.6667, 3.3333, 5, 6.6667, 8.3333, 10, 10, 10, 10, 10}, within a box of
length L = 10. Multiple knots are included at the edges of the box to guarantee
continuity and smoothness in the derivatives.
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a.1 general features of b-splines
In this appendix we present the B-splines basis set and its most important fea-
tures. Set of B-splines are designed originally to generalize polynomials for the
propose of approximating arbitrary functions [Schoenberg, 1946]; an exhaustive
description of this particular base set and their properties can be found in the
book of [de Boor, 1978; Bachau et al., 2001]. It is necessary to introduce some
mathematical definitions in order to obtain a deep understanding of the B-splines
set.
• The B-splines are piecewise, positive, and compact L2 integrable polynomial
functions of order k (degree k − 1) which are defined in a restricted space
known as a box.
• The polynomials of order k (maximum degree k− 1) are
p(x) = a0 + a1x + · · ·+ ak−1xk−1
• Consider an interval I = [a, b] divided into l subintervals Ij = [ζ j, ζ j+1] by a
sequence of l + 1 points {ζ j} in strict ascending order
a = ζ1 < ζ2 < · · · < ζl+1 = b
The ζ j will be called Breakpoint (bp).
• Now, with the aim to define adequate continuity conditions at each interior
bp ζ j let us associate with them a second sequence of non-negative integers,
νj, j = 2, . . . , l, νj ≥ 0, which define continuity condition Cνj−1 (any function
which is continuos, on a given interval, together with its derivatives up to
order n is said to be of class Cn) at the associated bp ζ j. With the end bps ζ1
and ζl+1 we associate ν1 = νl+1 = 0, that is we do not require any continuity.
• The last set of points that we need to introduce is {ti} where each ti is called
a knot. This sequence of points is given in ascending order but they are not
necessarily distinct {ti}i,...,m, where t1 ≤ t2 ≤ · · · ≤ tm. The {ti} sequence
are associated with ζ j and νj as follows:
t1 = t2 = · · · = tµ1 = ζ1; µ1 = k
tµ1+1 = · · · = tµ1+µ2 = ζ2
. . .
tp+1 = · · · = tp+µi = ζi; p =
i−1
∑
r=1
µr
. . .
tn+1 = · · · = tn+k = ζl+1; µl+1 = k n =
l
∑
r=1
µr
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where µj is the multiplicity of the knots ti at ζ j and is given by µj = k− νj.
The most common choice for knot multiplicity at inner bps is unity; corre-
sponding to maximum continuity Ck−2. This is our choice in all calculations
throughout the thesis. With this choice the whole number of B-spline func-
tions is fixed and given by n = l + k− 1.
• Any smooth function can be expressed as a linear combination of the Bi and
it will be called a Piecewise Polynomial (pp)-function over [a, b].
f =
n
∑
i=1
ciBi
The following qualitative features of B-splines provides us a depth understand-
ing of their behavior:
1. A single B-spline B(x) is defined by its order k > 0, and a set of k + 1 knots,
{ti, . . . , ti+k} such that ti < ti+k.
2. B(x) is a pp-function of order k over [ti, ti+k].
3. B(x) > 0 for x ∈ (ti, ti+k).
4. B(x) = 0 for x /∈ [ti, ti+k].
5. The knots need not be equidistant and the shape of B(x) changes smoothly
with the change of the knots.
6. The B-splines are normalized as ∑i Bi(x) = 1 over the whole [ti, ti+k].
7. The set of B-splines do not form an orthonormal set of basis functions.
a.2 building up b-splines function set
Each interval Ij = [ζ j, ζ j+1] = [ti, ti+1] is characterized by a pair of consecutive
knots ti < ti+1. The point ti is called the left knot of interval Ij, and determines de
indices of the Bi contributing over each interval (ti, ti+k). Additionally, over this
interval exactly k B-splines are nonzero, Bj(x) 6= 0 for j = i− k + 1, . . . , i. The first
being Bi−k+1, which ends at ti+1, and the last is Bi, which starts at ti. Therefore,
we have identically Bi(x) · Bj(x) = 0 for |i− j| ≥ k. In general a family of B-spline
functions, Bi(x), i = 1, . . . , n is completely defined given k > 0, n > 0 and a
sequence of knots t = {ti}i=1,...,n+k.
The B-spline functions can be generated by a recursive evaluation method. Each
function satisfies the following recursion relation
Bki (x) =
x− ti
ti+k−1 − ti B
k−1
i (x) +
ti+k − x
ti+k − ti+1 B
k−1
i+1 (x);
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Figure A.2: The B-splines are generated by a recursive evaluation scheme. This figure
sketches the recursive method for evaluating B-splines up to order k = 4,
relative to de knot sequence {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10}.
we must define the B-splines of order k = 1
B1i (x) = 1 ti ≤ x < ti+1 and B1i (x) = 0 otherwise,
this formula becomes the basis for the algorithm employed for the practical eval-
uation of B-splines: given an arbitrary point x, one may generate, by means of
recursion, the values of all the k B-splines which are nonzero at x, as is illustrated
in fig A.2. The derivative of a B-spline or order k, being a pp-function or order
k− 1, can be also expressed as a linear combination of B-splines of the same order
∂xBki (x) =
k− 1
ti+k−1 − ti B
k−1
i (x)−
k− 1
ti+k − ti+1 B
k−1
i+1 (x).
The practical evaluation of the k B-spline function for an arbitrarily value of x
is done using the FORTRAN routines originally developed by [de Boor, 1978]. The
routine BSPLVP provides a numerical implementation of recursion relation both for
B-splines and his derivatives; this routine requires as input, as you can expect, the
order k of B-spline, the knot sequence ti, and the desired point x where we want
to evaluate the functions. All this quantities, as we saw previously, defines the
B-spline functions. Additionally, we must specify the index of the left-closest knot
ti to x which can be calculated using the routine INTERV. This routine provides the
k B-splines functions that are nonzero at x, i.e., B(k)i−k+1(x), . . . , B
(k)
i (x).
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Figure A.3: Comparison of three sequences of breakpoints: linear sequence (circular
points), linear-exponential sequence (diamond points), and the exponential
sequence (square points).
a.3 breakpoint sequences
To successfully achieve the desired behavior of WFs that we want to calculate,
by means of a variational approach using B-splines, it is necessary to choose the
adequate sequence of bps ζ j. Most realistic calculations, in atomic and molecular
physics, have made use of different sequences which are selected after a deep con-
sideration of the electron density distribution within a box of length L. Actually,
there is a collection of different sets of bps to be chosen. Now, let us review the
most commonly used.
a.3.1 Linear sequence
This is the simplest of the all knot sequences that we might consider. It divides,
by means of l bps, an arbitrary interval [rmin, rmax] into (l − 1) segments of equal
length. The practical implementation of this sequence is straightforward.
ζ j = rmin +
rmax − rmin
l − 1 (j− 1) j = 1, . . . , l. (A.1)
This kind of bps is not able to describe appropriately the bound states of H-like
atoms. These particular states are strongly localized in regions near the atomic
nucleus [Granados-Castro, 2012]. Large radial boxes along with a finite number of
bps, equally spaced, makes the radial spacing at short distances inappropriate to
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describe the fine details of bound states wave functions. On the other hand, linear
sequences shows to be superior when describing unbound states, since the equally
spaced succession of bps offers a high flexibility for the basis to describe the highly
oscillatory behavior of the scattering-like wave functions. In Fig. A.3 we plot the
linear sequence of bps, together with the exponential and linear-exponential se-
quences.
a.3.2 Exponential sequence
In many calculations we need to adequately describe the WF or the density of
probability for a many-body system in which the particles are strongly localized
in some region of space. Bound states of atoms have this localization very close
to the atomic nucleus. For a proper description of these states we need to choose
a sequence of knots that must be accumulated very close to the atomic nucleus
without making strong considerations about the properties of the sequence in
some other regions, as is shown in Fig. A.3. The exponential sequence can be
expressed as
ζ j = δeα(j−1) α =
ln
( L
δ
)
l − 1 j = 1, . . . , l., (A.2)
where δ denotes an arbitrarily initial non-zero value for the sequence. It is custom-
arily to choose this point to be δ ≤ 0.1 with the appropriate units. Even though
this sequence works fine for bound states, it does not for unbound ones. The expo-
nential spacing at large distances is not suitable for the strong oscillations of the
continuum WF.
a.3.3 Exponential-linear sequence
Sometimes it is necessary to deal with problems in which we need to describe
several states with radically different behaviors. Consequently, we can define com-
bined sequences to treat these situations. Therefore, if our intention is to describe,
in some specific procedure, both bound and unbound states evenly we require a
combined sequence with at least two characteristics: accumulation of bps near the
nucleus, and a flexible distribution of them in order to get an adequate descrip-
tion of highly oscillatory functions. With the adequate conditions of continuity of
the functions that defines the whole sequence and its derivative, we can define a
piecewise sequence which changes smoothly between elementary sequences (like
linear or exponential) as is shown in Fig. A.3.
B
H Y D R O G E N ` A L A B - S P L I N E S
Before we study the hydrogen atom using a B-spline basis, we briefly review
its general full quantum solution. This topic is treated in more detail in almost
every introductory textbook of quantum mechanics and atomic physics [Cohen-
Tannoudji et al., 1977; Bransden and Joachain, 2003; Friedrich, 2005].
b.1 full quantum solution for hydrogen atom
The Hamiltonian for a system of two particles, of masses me and mp, which are
interacting through a time-independent central potential V(r) with r = |re − rp| is
given by
H =
pˆ2e
2me
+
pˆ2p
2mp
+V(r), (B.1)
where pˆj = −ih¯∇r j is the momentum operator for each particle.
The Schrödinger equation for a hydrogen atom can be written as
ih¯
∂
∂t
ψ(re, rp, t) =
[
− h¯
2
2me
∇2re −
h¯2
2mp
∇2rp +V(r)
]
ψ(re, rp, t), (B.2)
where mp (rp) is the mass (coordinate) of the proton, me (re) is the mass (coor-
dinate) of the electron, and V(r) is the Coulomb potential that depends only on
the distance between the proton and the electron. As done in every textbook, we
introduce the relative coordinate r and the coordinate of the center of mass R,
r = re − rp, R = mere + mprpM , (B.3)
here, M = me + mp is the total mass of the hydrogen atom. In these new coordi-
nates, the Schrödinger equation B.2 becomes
ih¯
∂
∂t
ψ(R, r, t) =
[
− h¯
2
2M
∇2R −
h¯2
2µ
∇2r +V(r)
]
ψ(R, r, t), (B.4)
where µ = memp/(me + mp) is the reduced mass. So, two separations of the equa-
tion B.4 can be made. In the first place, the time dependence shall be separated
since the potential is time-independent. After that, the spatial part of the WF shall
be separated into a product of functions; one of them as a function of centre of
mass coordinate R and the other one as a function of the relative coordinate r.
Therefore, the whole WF can be written as
ψ(R, r, t) = ψCM(R)ψr(r)e−
i
h¯ (ECM+E)t , (B.5)
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where ψCM(R) and ψr(r) satisfy, respectively,
− h¯
2
2M
∇2RψCM(R) = ECMψCM(R), (B.6)
− h¯
2
2µ
∇2rψr(r) +V(r)ψr(r) = Erψr(r). (B.7)
This shows that the motion of a hydrogen atom can be separated into two inde-
pendent parts: ψCM(R) describes the motion of a free particle with mass M and
energy ECM, while ψr(r) describes the motion of a particle of reduced mass µ in
a Coulomb potential V(r). However, this by no means implies that the motions of
the electron and the proton can be described by two independent WFs. Note that
both equations B.6 and B.7 are time-independent. The total energy of the system
is clearly Etot = ECM + Er.
As suggested above, we are considering an hydrogen-like atom with an atomic
nucleus of total charge Ze and an electron of charge −e. The Coulomb interac-
tion between the positive nucleus and the electron is expressed by the Coulomb
potential
V(r) = − Ze
2
(4pie0)r
, (B.8)
where r is the distance between the two particles and e0 is the vacuum permittivity.
Consequently, using this potential into the equation B.7 we obtain, working in the
centre of mass system, the following Schrödinger equation for the relative motion
[
− h¯
2
2µ
∇2 − Ze
2
(4pie0)r
]
ψ(r) = Eψ(r). (B.9)
Owing to the interaction potential B.8 is central, the Schrödinger equation B.9
may be separated in spherical coordinates. In other words we may write the WF,
as a particular solution of this equation, in the following way
ψE,l,m(r, θ, φ) = RE,l(r)Y lml (θ, φ), (B.10)
where Y lml (θ, φ) is a spherical harmonic corresponding to the orbital angular mo-
mentum quantum number l and to the magnetic quantum number ml (with m =
−l,−l + 1, . . . , l). In this way, the functions UE,l(r) = rRE,l(r) satisfy the radial
equation written in a.u.
[
−1
2
d2
dr2
+Ve f f (r)
]
UE,l(r) = EUE,l(r), (B.11)
where
Ve f f (r) = −Zr +
l(l + 1)
2r2
(B.12)
B.1 full quantum solution for hydrogen atom 97
is called the effective potential. Consequently, the problem of solving the Schrödinger
equation B.4 reduces to that of solving the radial one-dimensional equation B.11
which corresponds to a particle of mass µ moving in an effective potential Ve f f .
The analytic procedure to obtain a particular solution of equation B.4 is shown
in almost every textbook of quantum mechanics and atomic physics. So, the ener-
gies and the normalised radial functions for the bound states of hydrogenic atoms
may be written, in a.u., as
En = − Z
2
2n2
(B.13)
Rnl(r) = −
{(
2Z
n
)3 (n− l − 1)!
2n[(n + l)!]3
} 1
2
e−
ρ
2 ρl L2l+1n+1 (ρ), (B.14)
with
ρ =
2Z
n
r, (B.15)
and where the Lik(ρ) are the associated Laguerre polynomials.
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b.2 numerical approach to hydrogen atom using the b-spline ba-
sis
In this section we introduce the fundamental scheme for the description of the
atomic structure of one-electron systems using B-splines functions [de Boor, 1978;
Bachau et al., 2001]. Even though this scheme has a wide useful range, for instance
one-valence electron atoms and closed-shell systems such as rare gases, we only
take the case of hydrogen atom, the most elemental atom with only one proton
and one electron, and any hydrogen-like ions characterised by the Coulomb poten-
tial. One fundamental feature of B-splines basis is its flexibility; the basis allows us
to calculate both the energies and the WFs in a given central potential. This calcu-
lation may be may be performed very efficiently with arbitrary accuracy up to the
machine precision, with a present-day laptop computer. The radial equation B.11
may be solved numerically using the B-spline basis in a subspace, defined by the
basis itself, making the assumption that the radial function UE,l(r), with the initial
condition UE,l(0) = 0, can be approximated, in a given box, by B-spline functions.
Consequently, we may naturally expand the solution of radial equation belonging
to that subspace in terms of the B-spline basis set as
UE,l(r) =
Nmax
∑
i=1
cE,li Bi(r), (B.16)
where Bi(r) is the ith B-spline of order k as defined above. The B-spline method
requires the definition of a set of knot sequence which depend, as we have said
before, on the following parameters: a set of mesh points called the bps defined in
[0, L], the order k of the pp, and the continuity conditions at each bp. We commonly
choose these parameters according to the physical problem at hand. In fact, for
the hydrogen-like atoms, we must divide the box in which we solve the problem
into segments whose endpoints form the bp sequence. As suggested above, we
may freely select any bp sequence; the optimal choice will depend on the type of
result we are particularly interested in. Take the case of bound states in which
the WF has a highly drift towards nucleus and it vanishes at some finite distance;
an optimal choice for this particular problem has a suitable accumulation of bps
in this specific region of the box. The exponential sequence, as can be seen in
section A.3, may describe with accuracy the behavior of this kind of WF due to its
strong accumulation of bps when r → 0. On the contrary, the linear sequence, in
which the segments between two consecutive bps have the same constant value,
can describe properly the WF of continuum states of hydrogen-like ions which
oscillates indefinitely in their radial part. If, in contrast, our main interest is to
describe simultaneously both bound and continuum states, we must choose any
mixed bps sequence. Actually, a mixed sequence, made up with two elementary
sequences such as an exponential sequence up to some distance from the nucleus
and a linear sequence afterwards, might successfully describe both types of WFs.
Finally, we may establish the maximum continuity conditions, νj = k− 1, at each
bp in the box without any restriction, with this choice the multiplicity of knot is
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just µj = 1 corresponding to continuity Ck−2. Nevertheless, in order to satisfy the
boundary conditions, we require the solution to vanish at the endpoints, tat is
UE,l(0) = UE,l(L) = 0. This conditions are met either by removing the first and the
last B-splines from the basis set or by setting the continuity conditions νj = 1 at
the boundaries.
The hydrogen energies and WF, corresponding to bound states, which satisfies
equation B.11 are calculated, for a given fixed angular momentum l, by solving
the system of Nmax (size of B-spline basis) linear equations obtained after sub-
stituting B.16 into B.11 and then projecting on Bj(r). This procedure is formally
equivalent, when it is written in matrix form, to solving the following generalized
eigensystem problem:
Hl · c = ES · c, (B.17)
for En,l , cnl = {cnli } with i = 1, . . . , Nmax, and where
(Hl)ij = −12
∫ L
0
Bi(r)
d2
dr2
Bj(r)dr− Z
∫ L
0
Bi(r)Bj(r)
r
dr (B.18)
+
l(l + 1)
2
∫ L
0
Bi(r)Bj(r)
r2
dr,
(S)ij =
∫ L
0
Bi(r)Bj(r)dr. (B.19)
The matrix S is called the overlap matrix. It is originated from the fact that
B-splines do not form an orthonormal set of basis functions. The hydrogenic or-
bitals obtained in terms of B-splines are then used in the configurations interaction
method to solve the helium electronic structure, as described in the chapter 2.1 in
this thesis.

C
S U P P L E M E N TA RY G R A P H I C S
c.1 arguments of the integrals of the theoretic information mea-
sures
In this appendix we present some additional figures which emphasise the conclu-
sions established in earlier chapters in relation with the bound and doubly excited
states of helium atom.
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Figure C.1: von Neumann entropy SVN(ρ) for the ground and the lowest singly excited
states for the 1Se symmetry below the first ionization threshold (left panel) and
for the two series 2(1, 0)+n and 2(1, 0)+n of resonances belonging to symmetry
1Se below the second ionization threshold (right panel).
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Figure C.2: von Neumann entropy SVN(ρ) for the lowest singly excited states of 1Po sym-
metry below the first ionization threshold (left panel) and for the three series
2(0, 1)+n , 2(1, 0)−n , and 2(−1, 0)0n of resonant doubly excited states of symmetry
1Po below the second ionization threshold (right panel).
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Figure C.3: von Neumann entropy SVN(ρ) for the lowest singly excited states of 1De sym-
metry below the first ionization threshold (left panel) and for the three series
2(1, 0)+n , 2(0, 1)0n, and 2(−1, 0)0n of resonant doubly excited states of symmetry
1De below the second ionization threshold (right panel).
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Figure C.4: von Neumann entropy SVN(ρ) for the lowest singly excited states of 3Se sym-
metry below the first ionization threshold (left panel) and for the two series
2(1, 0)−n and 2(−1, 0)−n of resonant doubly excited states of symmetry 3Se be-
low the second ionization threshold (right panel).
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Figure C.5: von Neumann entropy SVN(ρ) for the lowest singly excited states of 3Po sym-
metry below the first ionization threshold (left panel) and for the three series
2(1, 0)−n , 2(0, 1)0n, and 2(−1, 0)0n of resonant doubly excited states of symmetry
3Po below the second ionization threshold (right panel).
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Figure C.6: von Neumann entropy SVN(ρ) for the lowest singly excited states of 3De sym-
metry below the first ionization threshold (left panel) and for the three series
2(1, 0)+n , 2(0, 1)−n , and 2(−1, 0)−n of resonant doubly excited states of symmetry
3De below the second ionization threshold (right panel).
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